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1 Introduction 


A textbook of four-dimensional (4d) quantum field theory usually starts the diseussion 
from a elassieal Lagrangian whieh is later quantized. In the reeent years, it is inereas- 
ingly eommon to study 4d quantum field theories for whieh no useful elassieal Lagrangian 
is known. Due to the laek of better terminology, let us eall them non-Lagrangian theo¬ 
ries. Otherwise these theories are completely normal: it has a Hilbert space of states, a 
Hamiltonian generating time translation, operators supported at points, etc. 

Twenty years ago only a few such theories were known, originally found by Minahan 
and Nemeschansky [1, 2], and it might have been alright in those days to put them aside 
as mere curiosities that do not fit in the grand scheme of things. In a paper by Argyres and 
Seiberg [3], however, we learned that these theories of Minahan and Nemeschansky appear 
as essential ingredients to describe the S-dual descriptions of a few particular ordinary 
Ar=2 supersymmetric gauge theories that have classical Lagrangian descriptions. Gaiotto 
then demonstrated in [4] that, in fact, such non-Lagrangian theories almost always appear 
when we study the S-dual of ordinary J\f=2 supersymmetric gauge theories, and that the 
totality of the S-dual operations can only be elucidated in terms of these non-Lagrangian 
theories. 

The most important among the non-Lagrangian theories found in these works is the 
T/v theory [5], a 4d J\f=2 superconformal theory with SU(A^)^ symmetry. In the purely 4d 
language, this theory can be introduced as a component in the S-dual of a certain quiver 
gauge theory, but more intrinsically, it is defined as the 4d limit of a compactification of 
the 6d N‘={2, 0) theory of type SU(A^) on a sphere with three full punctures. In general, 
the infrared limit of the compactification of the 6d Ar=(2, 0) theory on a Riemann surface 
with punctures is called a class S theory', and the T^r theory is the fundamental ingredient 
to understand class S theories. Indeed, most of the newly found non-Lagrangian theories 
and most of the S-dualities among them are known to come from various properties of the 
Ttv theory. 

Due to this central role played by the T^r theory, people devised various ways to obtain 
the properties of this theory, without relying on the classical Lagrangian description of this 
theory itself. For example, conformal and flavor central charges were studied in [5-8], 
various chiral ring relations were found in [9-12], and the superconformal indices have 
been intensively studied e.g. in [13-16]. The properties of the theory is by now quite 
well understood, to the point that we can study a supersymmetry-breaking model that has 
the Ttv theory as an essential ingredient [17]. There are various cousins of the Tn theory, 
either by starting from a 6d M={2, 0) theory of type D or E, or by partially closing the 
punctures of the theory. We now have an extensive series of papers [18-24], pioneered 
by Chacaltana and Distler, describing these theories in detail. 

'The S of the class S theory stands for six, and the T in the Tm theory stands for the word theory. The 
author thanks Davide Gaiotto for this important comment on the history of science. 
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Somewhat unfortunately, these properties of the Tjv theory and its eousins were found 
gradually in the last several years using diverse teehniques in various papers. The aim 
of this review article is to collect the most important of these properties, and give a short 
derivation for each of them from a uniform perspective. The author hopes that a person 
who would like to join the study of the T/v theories can find this article an easy point of 
entry. 

The discussions in this article will be based on the following fact: 


Fact 1.1 The 6d 7V=(2, 0) theory of type G = An, Dn or £' 6 , 7,8 on is the 5d J\f=2 
supersymmetric Yang-Mills with gauge group G. We write this fact as an equation between 
quantum field theories: 

= SYM5dAr=2(G'). (1.1) 

Here Sg stands for the 6d A/^=(2, 0) theory of type G, and the bracket {S^) denotes that 
the theory is compactified on S^. 


In the rest of the article, important results will be summarized similarly as Facts and given 
in italic. The derivation for each of the facts might not be quite complete and some of 
the facts presented might be better termed conjectures. Some of tht facts are thus marked 
with question marks. It would be a great pleasure for the author if some of the readers got 
interested and establish these facts more rigorously. 

The rest of the article is organized as follows: In Sec. 2, we give a construction of the 
T/v theory in terms of the 6d A/^=(2, 0) theory. Namely, we compactify the 6d theory on a 
Riemann surface of genus g without any punctures. We then split them into 2{g — l) copies 
of the T/v theory, corresponding to 2{g — 1) three-punctured spheres, and 3{g — 1) copies 
of f/=2 vector multiplet with gauge group SU(iV). We then introduce the concept of the 
partial closure of punctures, and we detail the structure of the associated Nambu-Goldstone 
(NG) multiplets. We conclude the section by a discussion of the Argyres-Seiberg duality. 

In Sec. 3, we start from the known anomaly polynomials of the 6d J\f={2, 0) theory 
to obtain the flavor and conformal central charges of the Tn theory and its partially-closed 
cousins. The discussion in this section improves upon previous discussions in the litera¬ 
ture, by giving a logical derivation of the formulas conjectured in [8]. 

In Sec. 4, we discuss the superconformal indices of the T/v theory and its cousins. 
By focusing on the so-called Schur limit, we give a rough derivation of its equivalence 
with the 2d g-deformed Yang-Mills. The technique is the same: we first consider the case 
corresponding to a genus g surface without any punctures, and then we split them into 
contributions from copies of the T/v theory and from the vector multiplets. 

In Sec. 5 we study the dimension of the moduli space of supersymmetric vacua of 
the T/v theory and its cousins, again by starting from the case corresponding to a surface 
without any punctures. We give an explicit formula for the dimensions of the Higgs branch 
and the Coulomb branch. We then discuss the chiral ring relations of the operators on the 
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Higgs branch. As our knowledge of these relations is not yet complete, the discussion 
here will be more schematic than other parts. We finish this section by discussion the 
Seiberg-Witten curves of the partially closed theories. 

In Sec. 6 we conclude by listing papers that describe the properties of the theory 
not described in this article, and by giving a short discussion on the future directions of 
research. 

Before proceeding, we pause here to mention that the statements in the first subsec¬ 
tion of each section are applicable to all 4d J\f=2 theories in general, whereas the other 
subsections are mainly for the class S theories. We should also mention here that there 
are other reviews [25-28] on the subjects surrounding the theory, and this article have 
some overlaps with them. 

2 The Tiv theory and its cousins 

2.1 Generalities on 4d N‘=2 theories 

In this review, we often denote a quantum field theory by a letter such as Q, and we some¬ 
times add curly brackets containing the flavor symmetries of the theory: Q{G} would be a 
theory with a flavor symmetry G. Unless otherwise mentioned, all quantum field theories 
we use are 4d J\f=2 supersymmetric. Mostly we only discuss J\f=2 superconformal the¬ 
ories, and they automatically have SU(2)j:j x U(l)/j symmetry. We normalize the U(1 )h 
charge of a supercharge to be ±1. 

We start with a universal fact that is used repeatedly in this review: 


Fact 2.1 A 4d Af=2 superconformal theory Q{G} has dimension-2 scalar operators 
^*=-i-,o,- adjoint of G and in the triplet o/SU(2)r, that are in the bottom com¬ 

ponent of a supermultiplet containing the conserved current of the flavor symmetry G. 
The operator /i+ is chiral in the language of4d J\r=l supersymmetry, and is 

an anti-chiral operator. 


The details can be found e.g. in [29] and references therein. As an example, for a free 
hypermultiplet of charge +l consisting of chiral superfields Q and Q, /i+ = QQ and 
/i° = IQP — IQP- The are often called the moment map operators, since they are 

the moment maps of the G action on the Higgs branch under the three symplectic forms 
inherent in the hyperkahler structure. 

We will also use the following: 


Fact 2.2 Given a 4d Af=2 superconformal theory Q{G}, we can couple it to an Af=2 
gauge multiplet with gauge group G. We denote the resulting gauged theory by Q{G}/rG, 
where r is the coupling constant defined at some renormalization scale. When the total 
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one-loop beta function is zero, the coupling constant r is exactly marginal. In this case we 
say that Q{G} can be conformally gauged. 


When the theory Q{G} is a free hypermultiplet, we ean prove the equivalenee of the 
vanishing of the one-loop beta funetion and the exaet marginality of the eoupling eonstant 
as follows. The Lagrangian of the gauge theory as an M=1 theory roughly has the form 

J d^rtr ITaPT" + c.c.^ ^ J 

+ (uj d^Q<!>Q + c.c}j +u' j d^e {q^c^Q + Qe^Qt j . ( 2 .I) 

Using the standard holomorphy arguments, we ean show that r is renormalized only at 
one-loop and the eoeffieient in front of Q^Q is not renormalized at all. We assume that 
the theory has zero one-loop beta funetion, so r is not renormalized at all either. Now, the 
Ar=2 supersymmetry fixes the ratios c : d and u : u' and therefore nothing is renormalized. 
That was what we wanted to show. When Q is a strongly-eoupled field theory, we ean use 
the method of [30] to show this faet. 

The eontribution to the one-loop beta function from the theory Q{G} is given by 
the eoeffieient of the two-point funetion of the symmetry current. This is also called the 
flavor symmetry eentral charge, and we denote it by k(Q). We normali z e it so that the 
eontribution from a hypermultiplet in the adjoint representation to be A; = 4/r^(G), which 
is AN for G = SU(iV). Since the 4d 7V=4 super Yang-Mills has zero one-loop beta 
funetion, the gauge multiplet has k = —Ahy{G). Then, any theory Q{G} with k = 
AN {G) ean be eoupled to the A/'=2 gauge multiplet with gauge group G to have zero 
one-loop beta funetion. We reiterate this as a faet sinee it is quite important: 


Fact 2.3 The theory Q{G} can be conformally gauged if and only if the flavor central 
charge k of Q{G} is Ahf {G). Similarly, if two theories Qi{G} and Q 2 {G} have flavor 
central charge ki and /c 2 such that ki + k 2 = Ahf {G), we can conformally gauge the 
diagonal subgroup of two G flavor symmetries. We can denote the resulting theory by 

{Qi{G} X Q2{G})/rG diag- (2.2) 


In general, we can characterize exaetly marginal deformations of 4d AA=2 supercon- 
formal theories as follows: 


Fact 2.4 Exactly marginal deformations of a 4d Af=2 superconformal theory are in one- 
to-one correspondence with dimension-2 scalar operators with U(1)k charge 4. 
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That the bottom component of the supermultiplet containing a marginal deformation is 
a dimension-2 scalar chiral operator of with U(l)/j charge 4 is a simple consequence of 
the structure of short superconformal representations. The converse, that such a chiral 
operator always leads to an exactly marginal deformation, can be shown by the method of 
[30], 

2.2 The Tn theory 

We introduce the Tn theory using the theory Ssu{n), the 6d A/'=(2,0) superconformal 
field theory of type SU(iV). Let us put this 6d theory on a closed Riemann surface Cg of 
genus g. When g ^ 1, the curvature of the surface Cg breaks all of the supersymmetry. We 
can preserve some part of the supersymmetry by introducing a background R-symmetry 
gauge field on Cg that partially cancels the curvature. Namely, we decompose the SO(5)i? 
symmetry of the A/^=(2, 0) theory as 

SO(2)k X SO(3)« C SO(5)^, (2.3) 

and we set 

^SO(2)« ^ _^SO(2) (2.4) 

where oji is the spin connection of C . This preserves 4d ^=2 supersymmetry. Indeed, 
SO(2)/j and SO(3)/j of (2.3) can naturally be identified with U(l)ij and SU(2)/{ symmetry 
of the 4d Ar=2 theory. Finally, to isolate a genuine 4d theory, we take the limit where the 
area of Cg is zero. The shape or equivalently the complex structure of C remains to be a 
physical parameter of the 4d theory. We denote the resulting theory S'su(Ar)[C'g]^^. Here, 
the bracket operation (Cg) stands for putting the theory on the manifold Cg, where we keep 
our choice of the R-symmetry background implicit in the notation. The final superscript 
is a reminder that we need to take the 4d limit by taking the area of Cg to be zero. 

Now we tune the shape of the surface C so that it is composed of 2 (^f — 1) three- 
punctured spheres and ?t{g — 1) tubes connecting them. We choose almost all the area 
of the surface to be in the tubes. In this limit, each tube gives a segment of 5d M=2 
supersymmetric theory with gauge group SU(iV) with five adjoint scalars 0*=i>2,3,4,5 jsjqw, 
this segment of A/'=2 super Yang-Mills is coupled to four-dimensional theories represented 
by two three-punctured spheres at the two ends, preserving M=2 supersymmetry in 4d. 
There are ?>{g — 1) complex structure deformations of a genus g curve Cg, and in this 
description they correspond to the length and the twist of the tubes. In the 4d language 
they become ?){g — 1) exactly marginal deformations. See Fig. 2.1 for a schematic picture 
for g = 2. 

We define the theory to be the 4d limit of the 6d theory on a three-punctured 
sphere: 

Tn = *S'su(Ar)(C'o,3)^^ (2.5) 

where is the three-punctured sphere. We will introduce other types of punctures later, 
and this original type of puncture is called a full puncture. 
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Figure 2.1. 6d theory 5'gu(Ar) on a genus-2 surface and its particular limit. 


Each tube gives a segment of SU(iV) 5d M=2 theory, and couple two SU(A^) flavor 
symmetries associated to two punctures. In the 4d limit, it reduces to a 4d A^=2 vector 
multiplet. To see this, we need to have a better understanding of the coupling of the seg¬ 
ment to the 4d Ar=2 theory at the boundary. Such a supersymmetry-preserving boundary 
condition is roughly described as follows; a similar half-supersymmetric condition of 4d 
A/'=4 theory was first discussed in [31]. 

The boundary theory has an SU(A^) flavor symmetry and the bulk SU(iV) gauge field 
couples to it. We split the five scalars 0*=i’2,3,4,5 M=2 vector multiplet according 

to (2.3) into a doublet of 80(2)^ and the triplet of 80(3)/?. Then we put 

a Neumann boundary condition for and a modified version of Dirichlet boundary 

condition for 


Dr^ 


-a=l,2 


boundary 0, <p 


*=1,2,3 


_ ,.*=1,2,3 
boundary — 


( 2 . 6 ) 


Here, the scalar operators are the 8U(2)/?-triplet scalars associated to the 8U(A^) 

flavor symmetry at the puncture, introduced in Fact 2.1. 

Now, suppose that a tube originally had a radius Rs^ and a length Tsegment- First 
reducing it along the S^, we have the 5d N'=2 super Yang-Mills with gauge group 8U(A^) 
on a segment, with 5d gauge coupling ~ ^/Rs^- We now take the limit where the 

length Lsegment of the segment is zero. We do this in a way that the 4d coupling 1/5'J=4 ~ 
Lsegment/.Rsi is kept fixed. The three scalars are eliminated due to the Dirichlet 

boundary condition, and the two scalars together with the gauge field give rise to 

the 4d Af=2 vector multiplet. 

Summarizing, we see that the theory S'su(Af)(C' 2 )^^ has a description as two copies of 
the Tm theory coupled by three 8U(iV) 4d M=2 gauge multiplets: 

Ssv{N){C2y^ = {Tjq{GAiGBiGc}xT]^{GAiGBiGc})/TA,TB,Tc{GA^GBxGc)i (2.7) 


where ta,b,c are the complexified 4d gauge coupling constants associated to three tubes. 

Now we see that the 4d J\f=2 8U(A^) vector multiplet coupling two T/v theories via 
two punctures has the gauge coupling constant 1 /as a tunable parameter. This means 
that the contribution to the one-loop beta function of a puncture is one half of that of an 
adjoint hypermultiplet. Summarizing, we have: 
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Fact 2.5 The theory is an 4d Af=2 superconformal theory obtained by putting the 6d 
Ar=(2, 0) theory on a three-punctured sphere, with at least flavor symmetry and 

taking the infrared limit: 

Tn '■= <S'su(Ar)(C'o,3)^^- (2.8) 

Each puncture carries an SU {N) flavor symmetry, with the flavor symmetry central charge 
k = 2N. 


The Tjv theory does not have any exaetly marginal deformations, or equivalently, it is an 
isolated supereonformal theory. To show this, we just need to show that it does not have a 
ehiral sealar operator with U(1 )r charge 4. This is a direct consequence of Fact 5.7, which 
we will discuss later. 

We similarly define 

Tg := SG{Co,3y^ (2.9) 

for G = A]sf-i, Djsf, i? 6 , 7 , 8 - In particular, = Tsu(Ar). Most of the discussions below 
apply equally well to Tg theories for general G, but we often just discuss Tn theories for 
notational brevity. 

In the IR limit we used to define the Tn theory and the Tg theory, the SU(2)/{ that 
remained unbroken by the background R-symmetry gauge field becomes the SU(2)/j sym¬ 
metry of the 4d J\f=2 superconformal symmetry. Furthermore, this SU(2)/j symmetry 
acts as an SO(3 )r rotating 03,4,5 of the 5d f/=2 theory that appeared in the intermediate 
theory. 

It should be noted, however, that it is not always the case that this unbroken SU(2)7^ 
in the compactification becomes the SU(2 )r of the IR superconformal symmetry. For ex¬ 
ample, the compactification on S'^ without any puncture gives rise to a hyperkahler sigma 
model with an intrinsic mass scale in the infrared, and does not lead to a nontrivial super¬ 
conformal theory. Also, even when a compactification leads to a nontrivial superconformal 
theory, the SU(2)^^ in the IR can be different from the SU(2)/j we just identified in the UV. 
For example, the compactification on without any puncture leads to the 4d A/^=4 theory 
in the IR, but if viewed as an J\f=2 theory in the standard manner, the SU(2 )h in the IR is 
the subgroup ofSU(2)ij x SU(2 )l ~ SO(4)i? rotating 02,3,4,5 of the 5d A/'= 2 theory. 

Now, consider 6d N'={2, 0) theory of type SU(iV) on a sphere with four full punc¬ 
tures. Let us use a complex variable 2 ; to parametrize the sphere, and put the puncture A, 
B, C and D at z = 0, z = q, z = 1 and 2 ; = cxd respectively. When q is very small, 
the theory is given by taking aTN{A, B,G} and another Tn{G,G, D} symmetry and by 
coupling them via an Gdiag = SU(A^) gauge multiplet with the exponentiated coupling 
constant q ~ exp{—l /Here we use an abbreviation where SU(iV)A is written just 
as A, etc. Now, adiabatically change q to be close to 1; we can now perform the change 
of coordinates z' = 1 — z so that the punctures A, B,G,D are now at U = 1, = 1 — g, 
= 0 and = cx) respectively. Now the theory is given by taking a Tn{A, D, G'} and another 
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Figure 2.2. Two ways of decomposing a four-punctured sphere. 

Tm{G\ B,C} and by coupling them via an = SU(Ai)G' gauge multiple! with the 
exponentiated eoupling eonstant 1 — g ~ exp(—This is a strong-weak duality, 
or equivalently an S-duality. Rather than stating this in a sentenee, let us write it as an 
equation: 

Fact 2.6 We have an S-duality 

{Tn{A, B, G} X Tjv{G, G, I)}) AGdiag 

= {T^{A,D,G'}xTn{G',B,C})/, 

— q^ diag* ( 2 . 10 ) 

where A, B, G, D and G, G' are all SU(iV). 

Before proeeeding, let us state what T 2 and T 3 are. We will have more support for 
these statements later in this review. 


Fact 2.7 The T 2 theory is a theory of four M=2 hypermultiplets. In the Af=l language, it 
consists of eight chiral multiplets Qaiu, a,i,u = 1, 2, 3 with S\J {2Y flavor symmetry. 


Fact 2.8 The T 3 theory has an enhanced symmetry SU(3)^ C Eq, and is the E^-symmetric 
theory ofMinahan and Nemeschansky, originally found in [1 ]. 


2.3 Partial closure of punctures 

Let us eonsider a general situation again: take a 4d J\f=2 supereonformal theory Q{SU (N )} 
with flavor symmetry SU(iV). This has a ehiral operator /i+ in the adjoint of SU(iV). We 
are going to give a nilpotent vev to /i’*'. A nilpotent matrix ean be put into the Jordan 
normal form 

{fi+) = Jy := Jnr®Jn2®--- ■ ( 2 . 11 ) 

where N = ^ rij, is an n x n Jordan bloek with zeros along the diagonal and n — 1 
non-zero entries on one line above the diagonal. We use Y to denote n* eolleetively. We 
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can and do order n* so that rii > 77-2 > ■ ■ ■ without sacrificing generality. It is customary 
to identify Y with a Young diagram such that the i-th column has height rij. It is also 
customary to abbreviate e.g. the partition 8 = 3 + 2 + 2 + lasY = [3221], The Young 
diagram Y* transpose to Y is defined by exchanging the rows and the columns. Again as 
an example, Y^ = [431] if Y = [322l]. 

Let us first note that when Y = [1^], it is clearly a trivial operation. This is because 
(/x+) = 0, so we do not do anything. Otherwise this is a nontrivial operation. The original 
flavor symmetry SU(A^) is broken to a subgroup Gy, and there are Nambu-Goldstone 
modes and their superpartners associated to this breaking of the flavor symmetry. The 
subgroup Gy is given by 

Gy = S[nU(U] (2.12) 

n 

where kn is the number of times n appears in the sequence [nin 2 ■ ■ ■]. Here, U(/c„) acts 
by permuting the blocks 

Jn ® ® Jn ■ (2.13) 

"-V-^ 

For example, for = 9 and Y = [3^1^], Gy = S[U(2) x U(3)]. We will detail the 
structure of the Nambu-Goldstone multiplets in Sec. 2.4. 

It turns out to be useful to regard 


Jy — py{(y^) (2.14) 

where cr+ is the raising operator of SU(2) and py : SU(2) —)■ SU(A^) is an A^-dimensional 
representation of SU(2), so that we have 

N = 0^. (2.15) 


Here and below, n is an n-dimensional irreducible representation of SU(2). 

As {p^) = Jy is the highest weight of the SU(2)ij triplet and the highest weight of 
py(SU(2)) at the same time, the linear combination 

(2.16) 

of the Cartan part G of the 811(2)/^ symmetry and a Cartan part of the flavor symmetry 
SU(A^) remains unbroken. The importance of this unbroken R-symmetry was pointed out 
in [16] for example. In total, we have the breaking pattern 

U(l)^ X SU(2)« X SU(iV) ^ 1]{1)r X U(1)'k x Gy (2.17) 

where the generator of U(l)'^ is (2.16). Note that the chiral supercharges have the 

charge (l,±l/2) under U(l)i{ x U(l)):j. 
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When the original theory Q{SU(iV)i,..., SU(A^)m} has SU(iV)”^ symmetry, we ean 
perform this operation for eaeh SU(iV)j, i = 1,... ,m, by setting (/r+) = Jy-. Let us 
denote the field theory governing everything except the NG modes by Q{Yi,..., Ym}'- 

Q{SU(iV)i,..., SU(iV)^} Q{Yi ,..., (NG modes for F^). 

(2.18) 

At this point, this theory Q{Fi, • • ■ , F^} is a theory with mass seale set by the vev and 
with the symmetry U(l)i? x U(l)'^ x Hi Gyp, now the generator of U(l)i? is 

i 

We are interested mainly in the eonformal theories, so let us take the infrared limit of this 
theory 

..., Q{Fi,..., F^}®. (2.20) 

The resulting theory Q{Yi ,..., F^}^^ is by definition an Af=2 supereonformal theory, 
but it ean be free or empty in some speeial eases. The proeedure of obtaining the new 
supereonformal theory Q{Yi ,..., F^}^^ from the theory Q is ealled the partial closure 
of punctures. Note that this operation, the partial elosure of punetures, has mostly been 
applied only to elass S theories in the literature so far, but it ean in fact be performed on 
any 4d M=2 theories. 

In favorable cases, this U(l)'^ symmetry is the Cartan subgroup of the SU(2)'^ sym¬ 
metry of the low-energy 7V=2 supereonformal theory.^ Such partial closures are called 
good. Otherwise they are called not good? When the closures are not good, the low- 
energy theory Q{Yi ,..., F^}^^ often has less flavor symmetries than Gy,. 

Using the partial closure of punctures, we introduce 


Fact 2.9 The theories 

Ty.y.y, := T^{Fi, F 2 , Fg^, (2.21) 

when good, are Af=2 supereonformal theories with flavor symmetry at least Gy^ x Gy.^ ^ 
Gyg, obtained by the partial closures of punctures of the Tjy theory. 


When Fi = F 2 = F 3 = [1^], we do nothing, so we obviously have Ty.^y^y^ = Tjy. 
Another fundamental fact is 


can happen that U(l))j enhances to SU(2))^ only in the infrared limit. It can also happen that U(l))j 
is already the Cartan of an SU(2))j symmetry before taking the infrared limit. 

^ Note that even when U(l))j. is a part of an SU(2))j. symmery in the ultraviolet, it can happen that this 
smf does not survive in the infrared limit. 
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Fact 2.10 The theory TjiJV] [ijv] is a theory of free bifundamental hypermultiplets 

consisting ofJ\f=l chiral multiplets Q\, a, i = 1,..., iV. 


We will justify this later. Note that when N = 2 this faet reduees to Faet 2.7. 


2.4 Structure of the NG bosons under the partial closures 

Let us study the strueture of the Nambu-Goldstone modes that arise assoeiated to the vev 
(/x+) = Jy by acting them with SU(iV) generators and their superpartners. Using the 
complexified SU(iV) action, i.e. by using SL(iV) action, the vev Jy can be moved to any 
nilpotent matrix conjugate to Jy. Let us call the set of all such matrices the nilpotent 
orbit Oy of type Y. From this viewpoint, we picked the vev (/x+) = Jy G Oy, and the 
Nambu-Goldstone modes correspond to the tangent space at Jy of Oy. 

The directions along the tangent space arise from SU(iV) generators such that 

[py(cr+),j“] ^0. (2.22) 

To find them, we just have to decompose the SU(iV) adjoint by regarding it as an SU(2) 
representation by py, and taking non-highest-weight vectors under the SU(2) action. 

Let us then say that we have the irreducible decomposition 

adj = ^ ^ (2.23) 

under py. This decomposition can be easily by plugging (2.15) to adj © C = N ® N. 
Each direct summand m* above gives rise to 

• m* — 1 complex scalars with U(1 )r charge 0, and U(l))j charge 

m* — 1 mj — 3 3 — rrii 


• and rui — 1 Weyl fermions with U(l)i? charge —1 and U(l))j charge 


ruj 

~2 



, 1 - 


~ 2 ' 


(2.25) 


The complex dimension of the nilpotent orbit Oy is then given by the sum — 1). It 

is a combinatorial exercise to show that 

dime Oy = - 1) = ^ (2.26) 

i i 

where U* = [siS 2 ■ ■ ■ ] is the Young diagram transpose to Y. They are free hypermultiplets, 
but with a slightly unusual assignment of the R-charges. 

Assuming that U(l))j enhances to SU(2)'^ in the infrared, one finds therefore: 
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Fact 2.11 When the partial closure (yU'*') = pY^cr^) is good, the resulting Nambu- 
Goldstone modes consist of 

• U(l)i? neutral real scalars in m* — 2 © o/SU(2)'j:j and 

• \J (1) R-charge —1 Weyl fermions in rui — 1 o/SU(2)'j:j 

for each summand rUi in the decomposition (2.23) of the SU(iV) adjoint under py- In total, 
there are 

idimcOy = i(Af"-^s?) (2.27) 

i 

free hypermultiplets in the Nambu-Goldstone modes. Here = [siS 2 ■ ■ ■ ] is the Young 
diagram transpose to Y. 

Note that the deseription at the first bullet point is not eompletely preeise when rrij is even, 
sinee and — 2 are not strietly real representations. Sueh m/s appear always in pairs, 
however, and therefore we have complex scalars in — 2 © for each such pair. 

2.5 Complete closure 

Here let us explain why this operation is called the partial closure. Consider the 4d theory 
5'su( N) {Cg^n) , obtained by putting the 6d theory on a genus g surface with n full punctures. 
Then we have the following statement: 

Fact 2.12 Choose one puncture from the theory 5'su(Af)(C'c/,n). o.nd perform the closure of 
type Y = [N] to the SU(iV) symmetry associated to that puncture. Then the resulting 
theory is equivalent to Ss\j{N){Cg,n-i), where the chosen puncture that was originally full 
was completely closed and disappears: 

*S'sU(Ar)(C'g,n){[^]} = *S'su(Af) (Cg,n-l) • (2.28) 

At this point we cannot justify this statement except for N = 2. We will see more justifi¬ 
cations later in the review. 



Figure 2.3. Bringing out two full punctures out of a surface. 

So take N = 2, and assume further that there are n > 2. We can modify the shape of 
the surface so that the theory is given as 

5'su(2)(Cg,n) = (S'su(2)(Cg,„_i){SU(2)a} X Mfundamental (5am)/SU(2)a, (2.29) 
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see Fig. 2.3. Here we used Faet 2.7 that the T 2 theory eonsists of trifundamental half- 
hypermultiplets of SU(2)^. 

Now associated to the indices i and u are given by 

AiJj) = = QaiuQbjv(^‘'^(^'^- (2.30) 

We now want to close the SU(2)j puncture by F = [2]. Equivalently, we would like to set 

(yU+p = ^0 0 ^- Since = eikH~^kj, this amounts to setting = 1, keeping other 

components zero. This can be done by setting (Qaiu) = Si=ieau- 

This means that SU(2)a x SU(2)„ is broken to the diagonal SU(2) subgroup. So, 
the SU(2)a gauge group is completely Higgsed, eating three hypermultiplets. Out of the 
four hypermultiplets in the trifundamental Qaiu, only one remains. Therefore, after setting 
(yu+) = Jy, the theory (2.29) becomes 

S'su(2)(Cg,n-i){SU(2)„=i} + onc free hypermultiplet. (2.31) 

The one free hypermultiplet is the Nambu-Goldstone modes associated to the closure by 
Y = [2]. We conclude that the resulting theory from the closure is 

>S'sU(2)(C'g,n){[2]} = S'su(2) (C'g,n-1) • (2.32) 

This closure of a puncture of the T 2 theory by F = [2] is our first example of a non¬ 
good closure, so let us analyze it more closely. We start from the trifundamentals Qaiu, 
and close one puncture by setting = 1. To separate the Nambu-Goldstone mode 

and the rest, note that an infinitesimal complexified SU(2) action by aa~^ -f ba^ -f ca~ 
changes the vev (/i+) by 

oc b, Hk'iu)) 0 ^ G ^(/ij 2 )) 0 ^ 0- (2-33) 

Therefore the Nambu-Goldstone mode can be eliminated by requiring 

(/i+i)) = 1, (/i+2)) = 0, (2.34) 

keeping (/x^ 2 )) unspecified. 

In terms of := and 1F“ := the equation (2.34) can be 

written as 

detZ = l, = 0. (2.35) 

The first equation means that Z is on the SL(2) = SU(2)c group manifold, and the sec¬ 
ond equation means that W can be identified as the coordinates of its cotangent bundle. 
Equivalently, the second equation can be more suggestively written as ddet Z\dz^w = 0, 
where we first apply the exterior derivative, and then we replace dZ by another commuting 
variable IF. 

Summarizing, T 2 {[ 2 ]} is an A/'=2 sigma model on T*SU(2)c, the cotangent bundle 
of SL(2) = SU(2)c. In general, we have 
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Fact 2.13 The theory T/v{[iV]} obtained by the complete closure of a full puncture of the 
T/v theory is an Af=2 sigma model on T*SU(iV)c. It has N x N chiral fields Z and W 
satisfying 


detZ = l, d{dei Z)\dz^w = d. 


(2.36) 


The SU(A^)^ symmetry of this theory aets on the fields Z and W naturally by the left 
and the right aetions. But they are not preserved intaet at any point: even when W = 0 
and Z = 1, SU(A^)^ is broken down to the diagonal SU(A^). To take the low-energy limit, 
we need to set det Z = c^, expand Z = c + SZ, and send c —)■ cxd, keeping 6Z and W as 
the fluctuations. Only the diagonal SU(iV) is manifest in this limit. 

The fact above itself can be shown as follows: the Tjv theory was for the three punc¬ 
tured sphere, = 5'su(7V)(C'o,3)^’^- Therefore, we see that T 7 v{[iV]} = S'su(iv)(Co, 2 )- 
Now, a sphere with two punctures has an isometry with two full punctures as two fixed 
points. Reducing around this we find that Tjv{[A^]} is essentially the 5d J\f=2 super 
Yang-Mills theory with SU(iV) gauge group on a segment. The boundary condition is in 
some sense the opposite of (2.6) on both ends: we have 



(2.37) 


and the gauge transformations at the two boundaries are considered as flavor symmetries 
SU(A^) X SU(A^). We see that the 4d fif=2 vector multiplet part is ki lled by the boundary 
conditions. The Higgs branch can be found by studying the moduli space of the BPS 
equation with these boundary conditions, and turns out to be T*SU(iV)c, see [32] for 
more details. 

2.6 Argyres-Seiberg duality 

In Fact 2.6 we learned an S-duality of two Tn theories coupled by an SU (N) gauge group. 
When N = 2, this is the standard S-duality of SU(2) gauge theory with iV/ = 4 flavors, as 
first beautifully demonstrated in [4], see also [33]. However, when N > 2, this is a duality 
of non-Lagrangian theories coupled to gauge fields. Let us now use the partial closure to 
derive S-dual descriptions of Lagrangian gauge theories. 

First, we start from the duality of Fact 2.6. The basic point was to consider Ssv{n) {Cq^a), 
the 6d theory put on a sphere with four punctures A, B,C,D, and split the sphere in two 
ways. 

Now, partially close the puncture B to type Y = [iV — 1,1], see Fig. 2.4. Considering 
the splitting in two ways, we have the duality 


(T^{A, [N - 1, 1]b, G} X T^{G, G, 


{Tn{A, D, G'} X TatIG', [N - 1, l]s, G})/i_gG'diag, (2.38) 
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Figure 2.4. We partially close the puncture B to the type [A^ — 1,1]. We then partially close the 
puncture C to the type [A^ — 1,1]. The sphere containing two punctures of type [A/^ — 1,1] is tricky 
to analyze. 

where A, D, G, G' are SU(A^) gauge or flavor groups. We stated previously in Faet 2.10 
that Tjv{[A^ — 1]} is a theory of bifundamental hypermultiplets of SU(A^)^. Therefore, this 
is a duality of the theory eoupled to bifundamentals by an SU(A^) gauge group. 

We now further perform the partial elosure of the puneture G to Y = [A^ — 1,1]. On 
the left hand side, we have 

{T^{A, [N - 1, 1]b, G} X T^{G, [N - 1, l]c, (2.39) 

whieh is just Nf = N + N flavors of fundamental hypermultiplets eoupled to SU(A^) 
gauge group. On the right hand side we have 

{Tn{A, D, G'} X Tn{G', [N - 1, 1]b, [N - 1, l]c})/i-,G'diag (2.40) 

whieh is more trieky to analyze. This is beeause the partial elosure 

rA,{[iV-l,l],[iV-l,l]} (2.41) 

is not good, sinee T;v{[A^ — 1,1]} is already a free theory. At the same time, beeause 
— 1,1]} is free, we ean study this partial elosure explieitly. 

Denote the bifundamentals as and where the indiees i, a are for SU(A^)c and 
SU(A^)g' respeetively. We are setting 

= Jat-i © Ji. (2.42) 

One way to solve this is to take 

g = diag(l, 1,..., 1, 0, 0), Q = Jn-i®Ji- (2.43) 

This forees us to have 

Q^Qa ~ Jn-2 © Ti © Ji = J[N-2,i^]- (2.44) 
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which in turn force (/i+) of SU(iV)G' of the first Tj^{A, D, G'} to be set to 

(/r+) = J[Ar_ 2 ,i 2 ] (2.45) 

via the F-term equation of the adjoint sealar of SU(A^)g'. This means that the puneture G' 
of D, G'} is partially elosed to type Y' = [N — 2,1^]. 

Originally, there are SU(iV)G' x SU(iV)G symmetry aeting on the bifundamental and 
SU(iV)G' was gauged. Now the vev {Q°;) and {QD breaks the symmetry down to SU(2) x 
U(l)diag where SU(2) x U(l) is the natural symmetry for Y' = [N — 2,1^] on SU(iV)G', 
U(l) is the natural symmetry for Y = [iV — 1,1] on SU(A^)g, and U(l)diag is the diagonal 
eombination of these two U(l)s. In the end, only SU(2 )g' C SU(iV)G/ remains gauged. 

Let us eount how many hypermultiplets remain eoupled to SU(2 )g'. Originally we had 
X = N‘^ free hypermultiplets in the bifundamental. The partial elosure of G' to [N — 2,1^] 
gives y = N{N — l)/2 — 3 Nambu-Goldstone hypermultiplets, as ean be found using 
Faet2.11 . SU(A^)g' is broken to SU(2 )g' and eats 2 ; = —2^ hypermultiplets. Therefore 
X + y — z = N{N — l)/2 + 1 free hypermultiplets remain. Finally the partial elosure of 
G to [iV — 1,1] gives w = N{N — l)/2 — 1 Nambu-Goldstone hypermultiplets, so only 
x+y — z — w = 2 hypermultiplets remain eoupled to SU(2 )g'. This is adoubletof SU(2 )g. 

Summarizing, we found that coupling Tjv{G', [A^ —1, 1 ]b, [A^ —1, l]c} to an SU(A^)g' 
flavor symmetry via an SU(A^)g' gauge multiplet has the effeet that the SU(A^)g' is sponta¬ 
neously broken to SU(2 )g', and there is a doublet hypermultiplet eoupled to this unbroken 
SU(2 )g'. Therefore we see that 


Fact 2.14 Wfe have an S-duality of the form 

{2N X A^ bifundamentals)/qSU(A^) = T[iiV]^[iiV]jjv- 2 ,i 2 ] x (a doublet)/i_ 5 SU( 2 ) (2.46) 

where the SU(2) gauge group on the right hand side couples to the S\J{2) flavor symmetry 
of[N — 2,1^] and to the SU(2) of the doublet. 

For N = 3, the right hand side slightly simplifies, since [A^ — 2,1^] = [1^] in that case. 
This the Argyres-Seiberg duality [3]. For A^ > 4 this was deseribed in detail in [18]. 

Note that on the left hand side, there is an SU(2A^) flavor symmetry, while only 
SU(A^) X SU(A^) is manifest on the right hand side. This means that the SU(A^)^ fla¬ 
vor symmetry of [jv_ 2 ,i 2 ] should enhanee to SU(2A^). In partieular, for T 3 , we see 

that T 3 should be sueh that for any pair of two SU(3)s it should enhanee to SU( 6 ). This is 
only possible when T 3 has an Eq flavor symmetry, and supports Fact 2.8. 

Generalizing, it is common that when the punetures ^ 1,2 are rather small, the theory 
T 7 v{SU(A^)^, Fi, 1 ^ 2 } has the effect that the first SU(A^)^ is spontaneously broken to a sub¬ 
group H and {p\) automatically is set to Jyg. To analyze the theory S'su(Ar) (Gg^„){Yi, 1 ^ 2 }, 
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by taking out the two punctures as in Fig. 2.3, we have 


*S'sU(Af)(C'g,n){ki, Y2} 

= iSsviN){Cg,n-i){S\JiN)A'} X T^{SU(iV)^,yi,F 2 })ASU(iV)^=^,. (2.47) 

Now (/ij() = Jy-g of the second factor causes (/ij(/) = Jyg, partially closing the first factor 
and spontaneously breaking SU(iV)A=A' to some subgroup Y Gy^. We end up with 

the gauge theory 

SsV(N){Cg,n){YyY2} = ( 5 su( 7 V)(C',,„-l){l 3 } X QiYyY^))/,Hy,^y,. (2.48) 

where Q(ki, F 2 ) is a theory determined by Y), Y 2 with a flavor symmetry Hy^y^. 

This point of view was explained e.g. in [34]. To see which pair of Yi ^2 leads to this 
phenomenon of the propagation of partial closure and what is the resulting Y 3 , Hy^ y^ and 
the remaining matter theory Q{Yi,Y 2 ), the extensive set of tables in [18-22, 24] is very 
useful. Note however that in these papers, such pair Yi 2 is said to require an irregular 
puncture Y^ dual to Y 3 , Q{Yi, Y 2 ) is listed as a theory of the three-punctured sphere with 
punctures of type Yi, 1 ^ 2 , Y^, and the group Hy^y^ is listed as a cylinder connecting Y 3 and 
Y'g*. Note also that the irregular punctures in their terminology are not the same concept as 
the irregular punctures as used e.g. in [35-38]. 


3 Central charges 


3.1 Generalities on the central charges and anomalies 


Four-dimensional conformal theories have two conformal central charges a and c. For 
J\f=2 superconformal theory, using rih and are more convenient, normalized so that 
(rih, Uy) = (1,0) for a free hypermultiplet and = (0,1) for a free vector multiplet; a and c 
can be written as 




1 1 

c = —Uh -\ —n, 
12 6 


(3.1) 


The current two-point function of a flavor symmetry G is also characterized by a number 
k, called the flavor central charge. As already stated, we normalize it so that k = {G) 

for an adjoint hypermultiplet. 

In this review, instead of computing the central charges directly, we use the following 
relations of the central charges and the ’t Hooft anomaly of the theory: 


Fact 3.1 The anomaly polynomial Aq of 4d Af=2 theory Q{G} with flavor symmetry G 
has the following form 


^6 = {ny - 


(4 

12 


Pi) - nyCiC2 + kcin{FG). 


(3.2) 
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Here, ci = ci(Fu(i)_r), C 2 = C 2 (Fsu( 2 )r) cire the Chern classes of the background U(l)/j 
and SU(2)j^ gauge fields and pi = pi(TX) is the Pontrjagin class of the spacetime, and 
n{FG) is the characteristic class for the background flavor symmetry gauge field propor¬ 
tional to tr Fh so that it integrates to 1 in the one-instanton background. In particular, we 
have n{FG) = C2 {Fg) when G = SU(2). 

The essential analysis establishing this faet was performed in [39]. 

3.2 The central charge of the theory 

Let us determine the eentral eharge of the theory. As always our strategy is to start 
from the 6 d theory. We first quote the known anomaly polynomial of the 6 d A/^=(2, 0) 
theory of type G: 

Fact 3.2 The 6d A/'=(2,0) theory Sq of type G = A^-i, Dn, Eqj^s has the anomaly 
polynomial 

h'^d 

As = —p2{NY)+rlt, (3.3) 

Here, Y is the spacetime, TY is the tangent bundle, NY is the SO(5)/j bundle and 

I'r = ^ (p 2 (NY) - P 2 (TY) + i(pi(AfF) - pi(TF))=) (3.4) 

is the anomaly polynomial of the free 7V=(2, 0) tensor multiplet. As always, N, d, and r 
are the dual Coxeter number, the dimension, and the rank of G, and N = N, d = — 1 

and r = N — 1 for G = SU {N). 

This formula was first found for G = Aat in [40] using M-theory, eonjeetured generally 
in [41], and eomputed for G = Dat in [42]. A field theoretieal derivation was given in 
[43, 44]. 

From this we ean easily find the anomaly polynomial in four dimensions [7, 9]. We 
assume that the 6 d spaeetime is of the form Y^ = X 4 x C 2 . Note that in this seetion 
the subseript of G 2 stands for the dimensionality, not the genus. We arrange the SO(5)i? 
bundle NY to partially eaneel the eurvature of G 2 as speeified in (2.3), (2.4). Then we just 
integrate the resulting Jg over C 2 , obtaining Aq. 

In the aetual eomputation, it is eonvenient to use the so-ealled splitting prineiple used 
in the algebraie topology when manipulating the eharaeteristie elasses. This prineiple says 
that the eomputation of the eharaeteristie elasses ean be done assuming that the veetor 
bundles are just direet sums of line bundles. The eurvature of those eonstituent line bundles 
are ealled Chem roots. 

Let us denote the Chern roots of TX 4 , TG 2 and NY^ by ±Ai ^27 0 respee- 

tively. We also introduee the U(l)ij bundle and the SU(2 )h bundle on Xp, let us denote 
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their Chern roots by ci and ±a respectively. We need to express rii 2 in terms of Ci, a and 
t. The cancellation of the curvature (2.4) in this language is to take ni\c 2 — Then we 
identify the 4d R-symmetries with the subgroup of the 6d R-symmetry via (2.3). Therefore 
we have 

ni = 2ci — f, n 2 = 2a. (3.5) 

The anomaly Ag can now be written in terms of the Chern roots by using the following 
facts: When an SO bundle B has the Chern roots ±Aj, pi{B) = X] P 2 iB) = 
J2i<j Also, for an SU(2) bundle R with the Chern roots ±a, C 2 {R) = —o?. 

Plugging them into Ag and integrating over C 2 using Gauss-Bonnet theorem t = 
2 — 2 g, we find 

A = { 9 - - ^Pi) -{ 9 - + r)ciC 2 . (3.6) 

Therefore, the theory SciCg) has 

= {g - +r), Uh = {g - d. (3.7) 

We know that this theory is composed of 2(5f — 1) copies of the Tq theory and 3{g — 3) 
tubes each representing a vector multiplet of gauge group G. We already determined the 
flavor central charge of three flavor symmetries. Summarizing, we have 

Fact 3.3 The Tq theory has the central charges 

ny = ‘^h'^d nh = /ci,2,3 = 2/i^ (3.8) 

where ^ 1 , 2,3 CLre the current algebra central charges for three G symmetries. 

Take G = SU(2). We find Uy = 0 and rih = 4. In general, any Af=2 superconformal 
theory has nonnegative Uy and Uh [45, 46]. The converse is a conjecture: 

Fact? 3.4 An Af=2 superconformal theory with n,, = 0 is a theory of free hypermultiplets. 
Similarly, when Uh = 0, it is a theory of free vector multiplets. 

Assuming this, we find that the T 2 theory consists of four free hypermultiplets with SU (2)^ 
symmetry, such that each of SU(2) has k = A. The trifundamental Qaiu is the only such 
multiplet, supporting our Fact 2.7. 

Using the central charges of the Tg theory obtained above, it is easy to get the general 
formula of the central charges of the theory SciGg^n)- In the 4d language, it can be made 
from 2{g — 1) + n copies of the Tq theory and 3{g — 1) + n vector multiplets with gauge 
group G. In total, we have 

ny = {g-l){^lf'd + r) + {^h'^d+^—^)n, Uh = {g - d +‘^h'^dn; (3.9) 

The flavor symmetry Gi associated to the i-th full puncture has ki = 2lA, as always. 
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3.3 Effect of the complete closure 

We would like to know the effeet of the partial elosures to these eentral eharges, assum¬ 
ing that the elosures are good. Let us first study the effeet of the eomplete elosure of a 
puneture. For definiteness take G = SU(A^). Originally the eontribution to the anomaly 
polynomial from a full puneture is 

A& = ]^{r - d)(^ - + ^—^)ciC2 + 2h^ciC2(SU(A^)), (3.10) 

as ean be seen from (3.9). We set (/r+) = Jn = The SU(2)'j:j of the infrared is 

essentially the diagonal eombination of SU(2)^^; before the elosure and p[ 7 v] (SU(2)). Stated 
differently, in terms of the Chern roots {+a,—a) of the infrared SU(2))j, the Chern roots 
of the original SU(2)ij are (-fa, —a) and those of SU(iV) are 

{N — l)a, {N — 3)a,..., (1 — N)a. (3.11) 

We then use that the instanton number n^Fc) of a bundle with Chern roots a* is 

n(Fa) = -\Y.al ( 3 . 12 ) 

Plugging everything in to (3.10), and using r = N — l,hy = N and d = — 1, we find 

^6 = _ ^p^) + i(iv - l)N{2N^ -2N- l)ciC2.. (3.13) 

2 o 12 0 

Note that this is the anomaly polynomial eontribution from the puneture of type [N] to¬ 
gether with the Nambu-Goldstone bosons. 

To determine the eontribution from the latter, we note that the deeomposition of the 
adjoint (2.23) in this ease is 

N 

adi = 0 2^-1 (3.14) 

i=2 

and therefore the Weyl fermions in the Nambu-Goldstone multiplets have U(l)ij eharge 
— 1 and in the SU(2))j representation 0^7^ 2i. So the eontribution to the anomaly from 
the Nambu-Goldstone modes are 

A, = -J2 2*(| - ^Pi) + C1C2 ^(2* - 1)2^(2* + 1) (3-15) 

2=1 2=1 

whieh is preeisely equal to (3.13). This means that the eontribution to the anomaly from 
the puneture of type [N], without the Nambu-Goldstone multiplets, is exaetly zero. This 
eomputation supports Faet 2.12 that having the puneture of type [N] is equivalent to having 
no puneture at all. 
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3.4 Effect of the partial closure to [A^ — 1,1] 

Let us next eonsider the partial elosure to [A^ — 1,1]. We use the embedding p[ 7 v-i,i] : 
SU(2) —)■ SU(A^). This preserves a U(1 )b subgroup as the flavor symmetry. Now the 
Chern roots for the SU(A^) flavor symmetry is 


{N - 2)a + P,{N -4)a + N)a + /?,(!- N)P, (3.16) 


where ±a are the Chem roots for the SU(2)'^ in the infrared, and /3 is the Chem root of 
the U(l) flavor symmetry. Then the total Aq is 

- _ %,) + \{N- l)N{2N^ -8N- l)ciC2 - N\N - l)ci/3l (3.17) 

2 o 12 b 

The deeomposition of the adjoint under SU(2)'^ is 

N-l 

adj = 1 0 AT - 1 0 AT - 1 0 0 2i - 1 . (3.18) 

i=2 

The Weyl fermions in the Nambu-Goldstone modes therefore have the SU(2)'^ represen¬ 
tations 

N-2 

N -2 ® N -2 ®C^2i, (3.19) 

i=l 

where two N — 2 terms have U(l)s eharge ±A^ and the other terms are neutral. The 
eontribution to the anomaly is then 


^6 — 


(Ar0l)(iV-2) cf Cl 

2 ^ 3 12^^^ 

0^(Ar-l)(Ar-2)(2Ar2 

b 


AN - 3)ciC2 


N^{N-2)ci/3^. (3.20) 


Subtraeting (3.20) from (3.17), we find that the contribution to the anomaly from the punc¬ 
ture of type [A^ — 1,1] is 


-(j - + (1 - ^^)ciC2 - N^ci/3^. 


(3.21) 


From this we can find the central charges of the theory T/v{[A^ — 1,1]} by adding three 
contributions: 


-46 = -(iV - 1)(| - + (liV’ -J- r)c,c. 


2 (- 


N‘^-N ,c 


— — —Pi) — (-n^-)ciC2) 

3 12 ^ ^ ^3 2 6 ^ ^ 


Ar2 


- - ^Pi) + (1 - N^)ciC2 - A^^Ci/5^ (3.22) 
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Here the first line is the part proportional to 2 — 2g, the seeond line is from two full 
punetures, and the third line is from the puneture of type [iV — 1,1]. The final answer is 
rather simple: 



(3.23) 


Therefore this theory has = 0, = N‘^. This strongly suggests that the theory eonsists 

of N'^ free hypermultiplets. Then the term proportional to (3'^ says that the U(l)s charges 
of the hypermultiplets are ±1. In addition, two SU(A^) symmetries both have k = 2N. 
This supports the fact that this theory consists of free hypermultiplets in the bifundamental 
of SU(A^) X SU(iV), and the U(l) b charge carried by the puncture of type [N — 1,1] can 
be identified with the baryonic symmetry of the bifundamental. 

3.5 General formula 

From the examples above, it is clear that we can compute the superconformal central 
charges n^, nh and the flavor symmetry central charges ki of the theories with partially 
closed punctures, by identifying SU(2))^ after the closure in the original variables and 
subtracting the contributions from the Nambu-Goldstone multiplets. Instead of giving a 
detailed derivation we just quote the facts: 

Fact 3.5 The central charges riy, Uh of the 4d theory obtained by putting the 6d theory of 
type G on a genus g surface with n punctures, labeled byYi,..., Y^, are given by 



(3.24) 


where 



Here pw is the Weyl vector of G, by is the highest element in the Weyl orbit of py {af), 
tio,eiX) the number of direct summands in the decomposition of the adjoint (2.23) 
under py, that are respectively odd and even dimensional. When G = SU(iV), pw = 
(A^ —l,iV —3,...,1 —iV)/2 and hy is the vector py{af) reordered so that the components 
are non-decreasing, e.g. = (1, 0, 0, —1). 

This general form of the riy^h was originally derived in [8] using various string duali¬ 
ties. Here we instead gave a derivation using the Nambu-Goldstone multiplets.^ Similarly, 
we have the following facts concerning the flavor symmetry central charge: 

'^The author should confess that he has not combinatorially proved that the formula (3.25) results from 
the analysis of Nambu-Goldstone multiplets. At least he checked the validity in numerous cases. 
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Fact 3.6 For a puncture of type Y = [nin 2 ■ ■ ■] and a factor the flavor symmetry SU(£) 
associated to the i columns of height h, its flavor symmetry central charge /csu(£) given 
by 

ksv(i) = 2 ^ Sh' (3.26) 

h'<h 

where = [siS 2 ■ ■ ■ ] /^ the Young diagram transpose to Y. 

As an example, eonsider a puneture of type Y = [iV — 2,1,1]. The SU(2) symmetry 
assoeiated to two eolumns of height 1 then has k = 6, sinee Y^ = [3, This is 

nieely eonsistent with the Argyres-Seiberg duality we reviewed as Faet 2.14. Indeed, in 
the seeond line, the SU (2) gauge group eouples to the SU (2) flavor symmetry of a puneture 
of type [A^ — 2,1,1] and to a doublet. The one-loop beta funetion eontribution from the 
matter seetor is therefore 6 + 2 = 8, whieh means that this eombined SU(2) symmetry ean 
be eonformally gauged. 

4 Superconformal index 

4.1 Generalities on the superconformal index 

In this section we summarize the superconformal index of the theory and its cousins. 
The first study of this topic was in [13], and the full structure began to emerge in [14]. The 
main original reference is [15] and a nice review can be found in [28].^ We concentrate 
on the so-called Schur limit, which can be introduced most logically at the technology 
currently available. 

For a 4d J\f=2 superconformal theory with flavor symmetry Gp, its superconformal 
index is a Witten index with respect to a carefully chosen supercharge. Let us define a 
function on four variables s, p, q, t and g G Gp^y 

I{s,p,q,t-,g) = trj:^(^3^(_l)^s^/2-i2-/3+r/4pA/2+ii-/3-r/4^A/2-ii-r3-r-/4^/3+r-/2^_ 

Here, H{S^) is the Hilbert space of the theory on S^, or equivalently the space of operators; 
ji ^2 are the spins of the spacetime SO(4) ~ SU(2)i x SU(2)2, h is the spin under SU(2)i{, 
r is the U(1)r charge normalized so that the supercharges have charge ±1. The exponent 
of s is [Qil, (Qix)^}, and the exponents of p, q, t together with g all commute with QiP. 
As such, it is invariant under all the exactly marginal deformations and independent of s. 
This defines the superconformal index that depends on three variables p, q and t. 

The superconformal index with three variables is not completely understood, but the 
particular limit q = t is well-understood. Let us set q = t and replace s by s/g in (4.1): 

I{.slq,p, g, g; g) = (4.2) 

^Note that J 3 = i?there and r = 2rthere- Also beware that the definitions of p, q and t in their series of 
papers before [15] fluctuated greatly. 
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The exponent of p is {Qi+, (Qi+)^}, and now both and Qi^ eommute with the ex¬ 
ponent j 2 — ji + I 3 of q. Therefore, the expression above is automatieally independent of 
both s and p. This limit is often ealled the Schur limit. Summarizing, 


Fact 4.1 Given a 4d Af=2 superconformal theory Q{G} with symmetry G, the supercon- 
formal index in the Schur limit is defined by 

Iq{ 9 ) = (4.3) 

This is essentially the partition function of the theory Q on x S^, and 

g = g-2^^Sl/^S3. (4.4) 

We keep the argument q to the index implicit. 


Here we set s = p = g in (4.2), and determined the relation between q and the radii of S^, 
by the conformal mapping. For free hypermultiplets we can easily compute this trace 
to have the following fact: 


Fact 4.2 A hypermultiplet, containing Af=l chiral multiplets in the representation R® R 
of a symmetry G, has the index 

><-s >=n n 1 _ (‘'■5) 

where w runs over the weights of R® R, g is now regarded as a Cartan element g = 
(xi, X 2 ,..., gr) of the symmetry group G, and g'^ := H where w = {wi ,..., Wr). 


For example, a trifundamental half-hypermultiplet of SU(2)^ has the index 

c)=n n w-® 

±±± n>0 ^ 

Take an J\f=2 superconformal theory Q{G, H} whose flavor symmetry G can be con¬ 
formally gauged. Then the gauge theory Q/G{H} is itself a superconformal theory with 
flavor symmetry H where the coupling constant is exactly marginal. The superconformal 
index of the resulting theory can then be computed in the limit where the vector fields are 
very weakly coupled. The result can be summarized as follows: 
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Fact 4.3 When the theory Q has flavor symmetry SU(iV) x H and the SU(iV) can be 
conformally gauged, the theory T/SU (iV) with flavor symmetry H has the superconformal 
index given by 


lQ/S\J(N){h) 



dzj 

271 


n(i 


^)K{z)-^-lT(z,h) 

Zj 


(4.7) 


where 


=n 


n>0 




n+l ' 


i¥^j 


and z = diag( 2 i,..., Zn) € SU(iV) and h E H. 


(4.8) 


Here, in (4.7), the part Y[f=i ^ dzi!{2'K^/^Zi) (1— 2 ;* / ) is the standard Haar measure 

of the Cartan torus of the SU(A^) group manifold, and K{z)~‘^ are the eontributions from 
the other components of the vector multiplets. Here the formulas are stated for simplicity 
for G = SU(iV), but it can be easily generalized to arbitrary gauge groups. 


4.2 The index of the theory and its cousins 


Now let us determine the index of the theory. Our strategy is always the same, and 
we start by considering the index of the theory *S'su(Ar)(C'g). Almost by definition, this is 
the partition function of the 6d theory on x x Cg, with an R-symmetry background 
preserving an appropriate number of supersymmetry. Now we use the basic fact of the 6d 
theory, and reduce along first. We have the J\f=2 supersymmetric Yang-Mills theory 
with gauge group SU(A^) on x C. The 5d coupling constant is jg\ = l/i?6. 

Now we have a Lagrangian and can perform the localization computation to get the 
partition function. This computation was done in [47]® The resulting theory is essen¬ 
tially the 2d SU(A^) gauge theory on Cg, but the Kaluza-Klein modes along S'^ gives 
the dressing. The final answer is the 2d g-deformed Yang-Mills, with the parameter 
q = exp(—g|/(47r7?53)) = The 2d g-deformed Yang-Mills was introduced 

in [49-52]. 

This result allows us to write down the index /g „ of the theory 5'su(Ar)(C'g,n) for the 
genus g surface with n full punctures as follows: 


^ Hi ^ 


(4.9) 


where at G SU(A^) is the flavor symmetry element for the i-th puncture, A runs over 
the irreducible representations of SU(A7), Xx{(x) is the character of the element a in the 

^Sttictly speaking, the background used in [47] is not the one that preserves Af=2 in 4d, but the one 
preserves ^=1. Still, from the study of [48] it is guaranteed solely by the supersymmetry that the index in 
this particular case equals the Af=2 Schur-limit index. The author thanks T. Kawano for discussions. 
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representation A, and := g(''v-3)/2^... ^ g,(i-7V)/2^_ Here we already took the 

limit where the area of Cg is zero. 

Here Nq and N{a) are renormalization factors the authors of [47] did not determine. 
Nq comes from the term of the form c y/gR = c(2 — 2 g + n) in the action, and N(a) can 
come from the boundary term at the puncture. Both can be induced via renormalization, 
and the author does not know how to fix it by a direct computation. We can still determine 
Nq and N(a) using the compatibility under the gluing and the complete closure, as shown 
below. 

First, take two copies of Tjv = Ssu(n) (C' 0 , 3 )^^, pick two punctures, and gauge them by 
an SU(iV) vector multiplet. The index of the resulting theory with SU(iV)a x SU(iV)b x 
SU(A^)c X SU(N)a symmetry can be computed via Fact 4.3 and (4.9): 


I(a,b;c,d) = — 


1=1 


,-2 


X 


N(a)N(b)N(^ ^ XA(a)x\(b)x\(^) 


Nq 


X 


x\{g^ 


N{z)N{c)N{d^ X\{z ^)xx{c)x\{d ) 
V AA(g^) 


. (4.10) 


iVo 

But the resulting theory is 5'su(Ar) ( 6 * 0 , 4 )^^, and the index should have the form (4.9) 
with g = 0, n = A. To have this, we need 


1 r ^ ^ dz z 

11(1 - f )K{z)-^N{zfx,{z)xA^-') = S,,. (4.11) 

2=1 ' * i,j ^ 

Compare this equation with the orthogonality of the characters of the irreducible represen¬ 
tations: 

2=1 

From this we see that the renormalization factors N(z) we wanted to determine is given 

by N{z) = K{z). 

This factor K(z) in the superconformal index can naturally be identified as the con¬ 
tribution from the conserved current multiplet in SU(iV), including Note, for 

example, that the definition (4.8) of K{z)~^ involves a product over a basis of the adjoint 
of SU(A^). 

Now, it is straightforward to obtain the superconformal index of theories with partially- 
closed punctures. Originally, a full puncture has the contribution K{a)x\{a) in the numer¬ 
ator of (4.9). Let us set (/i+) = py (a^). The new SU(2 )r symmetry in the infrared is the 
diagonal combination of the original SU(2)j:j and py(SU(2)). Denoting by b an element 
of the flavor symmetry Gy, this means that we perform the replacement 




(4.13) 
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in xa (a) and K{a) ^. The latter still eontains the eontributions from the Nambu-Goldstone 
modes that need to be removed: 

K{a) - y Kyib) X (contrib. from the NG modes) (4.14) 

where 

KY{b)-^=Yi n 

d tti:weights of n>0 

Here, we refined the deeomposition (2.23) of the adjoint under py(SU(2)) to the deeom- 
position 

adj = ^d(g)/?rf (4.16) 

d 

under py (SU(2)) x Gy, where d is the d-dimensional irreducible representation of SU(2) 
as always, and Rd is a representation of Gy. 

In particular, when we completely close a puncture, we change a factor of K{a)x\ia) 
in the numerator by K[N]X\iQ^)- This should be equivalent to having one less puncture. 
Therefore, we should have 


N 

No = K^n] = n 11(1 - /+-). (4.17) 

d=2 n>0 

Now we completely determined the superconformal index. Summarizing, we have 


Fact 4.4 The superconformal index in the Schur limit, of the 4d theory 
5'su(Af)(C'9,n){Ti,..., obtained from the 6d theory on a genus g surface with 
punctures of type Tj, ..., is given by 


IliNYAai)x\{aiq''^^) 


where a* G Gy^, := qP'^G^^G^ Ky{a) is defined in (4.15), and Ko := iT[Ar], := 


This general result was first found in [14]. 

The theory Ty^^y^^y^ with a suitable choice of Fi^ 2,3 can be a free hypermultiplet. In 
these cases. Fact 4.2 together with Fact 4.4 implies an identity between an infinite sum and 
an infinite product. As examples we have the following equalities: 
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Fact 4.5 The theory Tjiiv] [ijv] [ 7 v-i,i] is a free theory of the bifundamental hypermultiplet. 
We then have the equality 


n n 1 - 1 - q^+^/‘^{hu/ai)/a 

K{a)K{h)K[N-i,i]{oi) • ■ ■ , a^“^) 


where 




"Af-l 

nn(i- 9 '” 


.d=l n>0 


and K(z) and Kq were defined above. When N 
have 


n (4.20) 

± n>0 

2 the formula further simplifies and we 


nn 

±±± n>0 


1 

1 — q'”+^/ 2 a=*= 6 =*=c=*= 


K{a)K{b)K{c) Xd{a)Xd{b)xd{c) 
Ko V Xd{q^/^) 


(4.21) 


where Xd{.o) = a'^ ^ + a'^ ^ + ■ ■ ■ + ^ is the SU(2) character in the d dimensional 

irreducible representation. 


The proof of the ease N = 2 ean be found in Appendix E of [15]. 

Also, the Ta theory has an enhaneed Eq symmetry that is not manifest from the eon- 
struetion. Therefore, we have the following faet 


Fact 4.6 The T 3 theory has the Eq symmetry. Therefore, its superconformal index has an 
expansion of the form 


K{a)K{b)K{c) X\{a)X\{b)x\{c) 
Ko V XA(g, 


(ai, 2 , &i, 2 , Cl, 2 ) 


(4.22) 


where Rn is a representation of Eq. 


Let us eheek this to 0{q^). We have 

K{a) = 1 + X 8 (a)g + O(g'), i^o = 1 + 0{q^) (4.23) 

and in the sum, only A = 1, 3 and 3 eontribute. Then we have 

/(a, 6, c) = 1 + g(x8(a) + X8(&) + X8(c) + Xz{a)Xz{b)xfic) + X%{o)xi{b)xz{c)) + O(g^). 

(4.24) 


We now see the deeomposition 


adj of Eg = 8 a © 8b © 8c © 3 a 0 3b ® 3c © 3 a ® 3b 0 3c (4.25) 


under Eg D SU(3 )a x SU(3)b x SU(3)c. 
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4.3 Comments on further refinements 

In this review we wrote down the explieit formula (4.18) of the supereonformal index only 
for the speeial case q = t. As we argued above, this choice makes the supereonformal 
index automatically independent of p. This choice is called the Schur limit. 

When p = 0 with q and t generic, we still have an explicit formula generalizing (4.18), 
obtained in [15]. One crucial change is to replace the characters XA(a) by the Macdonald 
polynomials P|’*(a), that now depends on q and t. 

An interesting subcase of the Macdonald limit is to take p = q = 0. It is then 
conventional to use the variable r = The Macdonald polynomials reduce to the Hall- 
Littlewood polynomials PJ(a), and therefore this limit is called the Hall-Littlewood limit. 
This limit is particularly useful to study the Higgs branch of the theory, since it is known 
that, when the genus is 0, the Hall-Littlewood limit of the supereonformal index agrees 
with the Hilbert series of the Higgs branch. 

The supereonformal index with general three parameters p, q, t can also be written in 
a form similar to (4.18), by replacing the characters by suitable functions '0 a*^’*( 0 ) 
[16] but the functions are not well understood, see e.g. [53] for G = SU(2). 

The supereonformal index in the Schur limit is also important from another point of 
view. In [54], it was shown that a 2d chiral algebra can be extracted from any 4d J\f=2 
supereonformal theory by restricting operators to lie on a 2d plane in the 4d space, and 
that the partition function of the vacuum module of this 2 d chiral algebra equals the index 
in the Schur limit. The Schur index of the Tjv theory was further studied from this point 
of view in [54, 55]. 

The indices of the theories SciCg^n) for G = Dn, En can of course be studied sim¬ 
ilarly; for explicit formulas, see [56, 57]. Also, the ¥ 2 X 3 theory for suitable choices 
of ^ 1 , 2,3 is a higher rank version of theories of Minahan and Nemeschansky and their 
supereonformal indices are studied in detail, see e.g. [58-60]. 

5 Moduli spaces of supersymmetric vacua and chiral ring relations 

5.1 Generalities on the moduli spaces of supersymmetric vacua 

A 4d Af=2 supereonformal theory has a moduli space of supersymmetric vacua. The part 
of the moduli space where SU(2)/j is unbroken is called the Coulomb branch, whereas the 
Higgs branch is where U(l)ij is unbroken. The other parts are called the mixed branch. 
The chiral primary operators, in the Af=l sense, that parametrize the Coulomb/Higgs 
branch is called the Coulomb/Higgs branch operators. Their scaling dimensions are fixed 
by the R-charges: 


Fact 5.1 The scaling dimension A of a Coulomb branch operator is A = r/2, and that of 
a Higgs branch operator is A = 2 / 3 . 
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Higgs branch operators have intrieate ehiral ring relations, some of whieh will be dis- 
eussed below. As for the Coulomb braneh operators, a Lagrangian N'=2 gauge theory 
elearly does not have any relations among them, since it is a elassic mathematical theo¬ 
rem that the gauge-invariant polynomials eonstructed from an adjoint operator is free of 
relations. For example, for SU(A^), they are generated by tr 0 ^ for fc = 2,..., N . The 
Coulomb branehes of the theories S'G'(C'g „){Yi,..., 10} have been studied in detail, and 
no ehiral ring relations have been found so far. Generalizing, we have 

Fact? 5.2 The Coulomb branch operators are free of chiral ring relations. 

Assuming this, we have [46] 

Fact 5.3 The central charge Uy and the spectrum of the Coulomb branch operators is 
related as follows: 

Uy = 5^(2A(m) - 1) (5.1) 

U 

where u runs over the generators of the Coulomb branch operators. 

Now, take a theory Q{G} whose G flavor symmetry ean be eonformally gauged. Then 
the Coulomb braneh and the Higgs braneh of the gauge theory Q/G are related in a simple 
manner to those of the original theory Q\ 

Fact 5.4 The Coulomb branch operators of Q/G consist of those of the theory Q plus the 
gauge-invariant polynomials of the adjoint scalar 0 in the Af=2 gauge multiplet. When 
G = SU(A) those polynomials are ti k = 2,..., N. In particular, 

dime Coulomb (Q/G) = dime Coulomb (Q) -I- r (5.2) 

where r is the rank of G. 


Fact 5.5 The Higgs branch operators of QjG can be obtained by taking the Higgs branch 
operators of the theory T, setting /i+ = 0 where is the adjoint chiral operator in the G 
current multiplet, and keeping only the G-invariant part. As manifolds, this operation is 
often written as 

Higgs(Q/G) = Higgs(Q)///G (5.3) 

and called the hyperkdhler quotient construction, introduced in [61 ]. In particular, the 
dimension of the Higgs branch of Q/G is given by 

dimHHiggs(Q/G) = dimHHiggs(Q) - (dimG - dim if) (5.4) 

where H is the unbroken gauge group at the generic point of the Higgs branch. 
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Also, given a theory Q{G} with flavor symmetry G = SU(A^), we ean partially elose 
it by setting (/r+) = and removing the Nambu-Goldstone modes, whieh are of the 

form y = [py (cr'*'), x] where x is an adjoint element of SU(iV). Those y that are not in this 
form can be singled out by imposing the constraint [py(ct“), p] = 0. Summarizing [62]: 


Fact 5.6 The Higgs branch of the Q{Y} theory obtained from the theory Q by a partial 
closure is defined by 

e S'y, S'y = py(cr+) + {p I [py(cr“),p] = 0 }. (5.5) 

The subspace Sy is called the Slodowy slice at pY{a~^). In particular, 

dimHHiggs(Q{y}) = dimHHiggs(Q) - ^dimcOy/2. (5.6) 


We do not yet have a good general way to understand the Coulomb branch of the 
partially closed theory Q{y}, when Q is not a class S theory of type A. It would be 
desirable to have a method to understand this problem that applies to all 4d J\f=2 theories. 

5.2 The moduli space of the Tn theory 

Let us study the moduli space of the theory. Again the strategy is the same: we 
first consider the theory Ssv(N){Ggp) for the genus g surface without punctures. Then we 
decompose it into copies of the T/v theory and the contributions from the vector multiplets. 

To use the Lagrangian formalism, it is useful to compactify the 4d theory further on 
S^. The resulting 3d theory is the 5d AC=2 theory with gauge group SU(A^) on a genus g 
surface G. Let us denote by 01,2,3,4,5 the five adjoint fields in 5d. Due to the R-symmetry 
background, = 0i + i(j )2 transforms as a one-form on G with 11 ( 1 ) 7 ? charge 2, while 
03,4,5 is an 811 ( 2 ) 7 ? triplet scalar on G. To make 3d Af=2 structure manifest, we combine 
03,4 into $77 = 03 -f *04. The other complex scalar in the hypermultiplet is a combination 
of 05 and the scalar that is dual to the gauge field in 3d. 

The supersymmetric vacua correspond to the case when and commute, are 
holomorphic on G, considered up to complexified gauge transformations. The Coulomb 
branch corresponds to the situation 'hc' 7 ^ 0 while $77 = 0, while the Higgs branch is the 
case where $ 7 ; = 0 and 0. 

The Coulomb branch of the 3d theory is described by the so-called Hitchin system 
on G, and a nice review can be found in [27]. This is a hyperkahler manifold whose 
complex dimension is twice that of the Coulomb branch in 4d. The 4d Coulomb branch 
operators are encoded in terms of which is a holomorphic d-differential on 

G, for d = 2,... ,N. There are {2d — l){g — 1) linearly-independent holomorphic d- 
differentials. As tr has U(l) 7 ? charge 2d, we find that there are {2d — l)(p — 1) 

Coulomb branch operators of scaling dimension d. 
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As this theory is composed of 2{g — 1) copies of the theory together with — 1) 
copies of SU(A^) A/'=2 vector multiplet, one finds 


Fact 5.7 The T/v theory has d — 2 Coulomb branch operators of scaling dimension d, for 
each d = 3,4,..., N. 


We can now combine this fact and Fact 5.3 to derive of the T/v theory. This nicely 
agrees with Fact 3.3. Note also that we now deduced that the T/v theory does not have any 
Coulomb branch operator of scaling dimension 2,11(1)/? charge 4. This means that the T/v 
theory does not have any exactly marginal deformations.^ 

More precisely, the Seiberg-Witten curve of the 4d theory Ssu{N){Cgfl) is given by 

det(A — ^c{z)) = 0 (5.7) 

where A is the Seiberg-Witten one-form. Note that ^ is the coordinate of C and A can be 
thought of as the coordinate along the cotangent direction of T*C. Then the equation (5.7) 
determines an A^-fold cover of the base C embedded in T^C. 

As for the Higgs branch, we just give vevs to $//. They are zero-forms on C, so there 
are just r = {N — 1)-dimensional Higgs branch, where we can put $// to a diagonal form. 
Note that this is independent of the genus g of the curve. To add n full punctures, we 
consider the theory without punctures as the theory with n completely closed punctures. 
When we completely close a full puncture, we lose the Higgs branch dimension by 

1 1 N'^ - N 

- dime 0[N] = ^id-r) = - - -. (5.8) 

Then, the dimension of the Higgs branch of the theory with n punctures is n{N‘^ — N)/2 + 
{N — 1). Specializing to the case g = 0, n = 3, we find that the dimension of the Higgs 
branch of the T/v theory is 3{d — r)/2 + r. Note that this agrees with Uh — of the T/v 
theory, as can be checked using Fact 3.3. 

This means that at the generic point on the Higgs branch of the T/v theory, no free 
U(l) vector multiplet remains, because of the following analysis. Recall the anomaly 
polynomial of the T/v theory, which contains a term of the form (n„ — nh)cipi{TX). 
Giving a Higgs branch vev does not break U(l)/? symmetry, and therefore this term should 
be reproduced on a generic point on the Higgs branch. On a generic point, we just have 
free hypermultiplets whose number is given by the dimension of the Higgs branch, together 
with free U(l) vector multiplets. That agrees with the dimension of the Higgs 

branch then means that there is no free U(l) vector multiplet. 

^The T/v theory comes from a three-punctured sphere, that does not have any complex structure defor¬ 
mation. This fact alone does not guarantee that it does not have any exactly marginal deformations. In¬ 
deed, many examples are now known where a 4d theory obtained from a three-punctured sphere has exactly 
marginal deformations, see [20, 21]. 
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Now, take the theories Ss\j(N){Co,n) and Ss\jiN){Coy), and connect them to form 
>S'su(Af)(Co,n+n'- 2 )- By Comparing the dimension of the Higgs branch before and after 
connecting them, we learn that the G gauge symmetry is completely broken. 

Next, take a theory Ssv{N){Cg,n) with n > 2 punctures. Pick two punctures and 
connect them, to form the theory Ss\j{N){Cg+i,n- 2 )- Again by comparing the dimension 
of the Higgs branch before and after connecting the punctures, we learn that the G gauge 
symmetry is broken to a subgroup of rank r = (A^ — 1). This is in fact the Cartan subgroup 
U(l)^ of G. Repeating the procedure, we find that on the generic point on the Higgs branch 
of the theory S'su(Ar)(Gg,n), we have U(l)^^ vector multiplets. 

This fact, when n = 0, can be checked by another method. Without punctures, in 3d, 
we are giving a generic diagonalizable vev to should also be diagonal. Calling 

each diagonal entry with i = 1 ,..., with = 0, we see that each is a 

one-form and gives rise to U(l) vector multiplets in 4d. In total there are (A^ — l) 5 f U(l) 
multiplets in 4d, as we already found from slightly different perspective. Summarizing, 
we have 


Fact 5.8 The Higgs branch of the Tq theory has dimension 3{d — r)/2 + r. On a generic 
point on the Higgs branch, there remain no free vector multiplets. The action of the flavor 
symmetry G^ is such that when a diagonal G subgroup of G^ is gauged by a G gauge 
multiplet, the Cartan subgroup U(l)'’ remains unbroken. 


5.3 Chiral ring relations of the Tjv theory 

Now let us discuss the chiral ring relations. The Coulomb branch operators do not have 
any nontrivial relation, so let us just discuss the Higgs branch chiral ring relations. They 
have been gradually being uncovered [9-12, 63], but we still do not have the complete 
understanding. The single most important one is 


Fact 5.9 The operators p\bc adjoint o/SU(A^)a,b,c> ihe flavor sym¬ 

metry multiplet, satisfy 

= tr(/i+)^ = tr(/i+)^ (5.9) 

for k = 2,... ,N, and therefore for arbitrary k. From this reason we often drop the 
subscript A, B, G in tr(/i+)^. 


This was first understood via dualities involving Lagrangian gauge theories in [9]. 
Here we will use a version of the argument given in [63], that is applicable to the Tq 
theory for arbitrary G. 

We start from a three-punctured sphere with finite nonzero area, where the most of 
the area are concentrated at the tubes around the punctures, see Fig. 5.1. We can reduce 
this theory along the around three tubes. The result is the Tq theory coupled to three 
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Figure 5.1. The theory with three segments of 5d super Yang-Mills attached. 

segments of 5d J\f=2 theory. When we take the strietly 4d limit, this setup just goes 
baek to the T^r theory. One niee thing about this modifieation is that the operators /ijj ^ c 
are direetly visible. Indeed, three sealars 03,4,5 of a segment transform as a triplet under 
SU(2)/j, and three G flavor symmetries aet as gauge transformations at the boundaries of 
three segments. The AcWs for the Ga,b,c flavor symmetry ean then be identified as 

the boundary values of < 1 )/^ = 03 + z 04 at the ends of the segments. 

Now, let us eompaetify the entire setup further on another S^. Then we ean eompare 
with the eompaetifieation of the 5d J\f=2 super Yang-Mills on a Riemann surfaee we used 
in the last subseetion. Comparing the two deseriptions involves 3d mirror symmetry as 
detailed in [64], but on a generie point on the Higgs braneh where the dynamies is Abelian 
we ean just identify used there and here. In partieular, in a supersymmetrie vaeuum 
eonfiguration, should be holomorphie, but is a seetion of a trivial bundle, and 
therefore it is a eonstant, up to eomplexified gauge transformations. Therefore, three 
fields should be eonjugate to eaeh other, on a generie point on the Higgs braneh, and we 
find tr(/r^)^ = tr(/r^)*^ = tr(/rj)^ for arbitrary k. 

Note that this argument breaks down when /i+ is non-generie due to the subtlety in 
the 3d mirror operation. For example, when we perform the partial elosure, we often take 
(/i^) = py(cT+) 7 ^ 0 while trying to keep the other two vevs unehanged, (/xj) = (/xj) = 0. 

Let us move on to the analysis of Higgs braneh operators other than /i+ in the flavor 
symmetry multiplet. The analysis is only applieable to the T/v theory and not to the Tq 
theory of general type. From the supereonformal index in the Sehur limit, it is easy to 
isolate the operators with lowest powers of q in eaeh A^-ality of the SU(A^) flavor symme¬ 
try, i.e. the eharge under C SU(A^). As the K{a) faetors only eontain representations 
with zero A^-ality, they eome from the numerator Ya(u)ya(^)ya(c) with smallest possible 
A for eaeh A^-ality, and its power in q is determined by the denominator Ya(?^)- In the 
seetor with A^-ality k, the smallest possible A eorresponds to the fc-th antisymmetrie tensor 
representation of SU(A^) we denote by A = A^. As + 0{q)), we 

see that the leading eontribution to the A^-ality k to the supereonformal index is 

trxx(S3),Ar.aiity = q’'^’^~’''^^‘^XAkia)xA>‘ib)XA>‘ic) + higher. (5.10) 

By studying the supereonformal index, we ean eheek that this eontribution indeed eomes 
from a sealar operator with A = 2/3 = k{N — k), transforming in 0 ® A^. 

Summarizing, 
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Fact 5.10 The Tjv theory has Higgs branch operators 

• Qaiu with dimension l(iV — 1 ), 

• Q[ab][ij][uv] with dimension 2{N — 2), , 

• Q[ai-ak]li-ik]lui-Uk] with dimension k{N -k), 

• Q[ai-aN-i][ii-iN-i]lui-UN-i] with dimension {N - 1)1, 

where a, i, u are the indices for SU(iV)A, S\J{N)b, SU{N)c, respectively. When k > 
N/2, it is often more convenient to raise the indices using epsilon symbols. For example, 
the last operator would become 

In particular, for N = 2, we just have dimension 1 operators Qaiu, and for N = 3, 
we just have dimension 2 operators Qaiu and 

When N = 3, the T 3 theory is the Eq Minahan-Nemesehansky theory, for whieh the 
strueture of the Higgs braneh is known from different means. The faet above ean then be 
ehecked [65]. 

The Q operators introduced above, together with the operators axe believed to 

generate the Higgs branch chiral ring. To study the chiral ring relations, we first note that 
on a generic point on the Higgs branch, we can use flavor symmetry rotations to set 

= diag(/il,/U 2 , ... ,/iAr), '^Pi = 0. (5.11) 

When we gauge a diagonal subgroup SU(A^) of any two of SU(iV)AX SU(iV)s x SU(A^)c, 
the U(l)^“^ Cartan subgroup should remain unbroken, as we saw in Fact 5.8. This means 
that the operator Q[a^...a^^][i^...p][ul■■■u^:] can be nonzero only when the multi-indices ai ■ ■ ■ a^, 
ii - ■ - ik and ui - ■ -Uk are the same up to the antisymmetry: 

= Q[a-i_---aP\5[ai--a^,]\ii--iP\,[u-i_---uP\ (5.12) 

where we do not sum over the indices. 

This is consistent with a chiral ring relation we know from the superconformal index, 
that we describe now. Looking at the term of order in the superconformal index, 

we see that there is just one Higgs branch operator transforming in the trifundamental 
Aa® As® Ac with dimension A^+1.^ This means that there are two linear relations among 
Qhiu{.FAfa^ Qaju{.l4})p and Qaiv{,PcTu- F^^m the symmetry permuting three SU(iV)s, we 
find that the relations are 

(5-13) 

*The coefficient of of the Schur limit index is 2. One is a contribution from the descendant 

of Qaiu itself, and there is another that is a Higgs branch operator. The structure is clearer if we use the 
Hall-Littlewood limit instead, for which the descendants do not contribute. 
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On a generic point on the Higgs branch where we have (5.11), these relations (5.13) mean 
that fJ^aQabc = fJ-bQabc = ^^cQabc■ Therefore Qabc can be nonzero only when a = b = c. 

Next, consider the two operators Q[aiiiuQb]j]v) and Qiab][ij][wiu]{lJ^c)v)- both have 
scaling dimension 2N — 2 and transform in ® 0 Sym^. From the superconformal 

index, we can check that there is only one such Higgs branch operator, and therefore 

Q [a[i{uQ b]j]v) Q[ab][ij][w{u]{f^c')v)' (5.14) 

On a generic point on the Higgs branch, we then find 

qaqb = q[ab]{fj^a- l^b), (5.15) 

where we use this relation to fix the relative normalizations of Qaiu and Q[ab\[ij][uv\- From 
the consideration of the scaling dimensions and the remaining Weyl group action, it is 
natural to guess the general relation 

qai ■ ■ ■ qa^. = q[ax--ak] J_ J_(/^ai ~ (5.16) 

i<j 

fixing the normalization of Q[a^-a^:][h-i^,][ui-uk]- In particular we have 

qi---qN= JJ ini-fij). (5.17) 

This fixes the normalization of Qaiu itself. 

Then we have (iV — 1) complex degrees of freedom in /ii,... /xat due to X] /nj = 0 
and {N — 1) complex degrees of freedom in gi,... because the product gi ■ ■ ■ gAr is 
fixed. Thus we find N — 1 hypermultiplet degrees of freedom in /ij and g*. In addition, 
to fix /ij^ ^ to the diagonal form, we have used 3{N'^ — N)/2 hypermultiplet degrees of 
freedom. In total, there are 3{N'^ — N)/2 + {N — 1) hypermultiplet degrees of freedom, 
matching with the dimension of the Higgs branch of the T^r theory. The non-generic points 
on the Higgs branch is characterized by the vanishing of the discriminant of q, and its 
square root is given by the right hand side of (5.17). From these analyisis, it is very likely 
that the /i operators for the three SU(A^) flavor symmetries and the Q operators generate 
all the Higgs branch operators. Summarizing, 

Fact? 5.11 The operators Q[ai-a,,][ii-ik][ui-Uk] together with the operators p\bc 
ate the Higgs branch chiral ring. Some of the relations involving the Q operators are given 
in (5.13) and (5.14). More generally, a necessary and sufficient condition for a candidate 
chiral ring relation is that it should be satisfied on generic points on the moduli space, 
i.e. when we substitute (5.11), (5.12), (5.16) and (5.17) to the relation. 

The explicit forms of the chiral ring relations for the Tjq theory, known in March 2015, 
can be found in Sec. 2 of [11] and in Appendix of [12]. A different method to obtain the 
chiral ring relation by studying the 2d chiral algebra associated to the theory was pursued 
in [55]. 
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5.4 The moduli space of the partially closed theories 

As a final topic let us discuss the moduli space of the partially closed theories. As for the 
Higgs branch, we just apply the general method Fact 5.6 to the Higgs branch of the T^r 
theory. We do not have much to say about the detailed structure of the chiral ring relations, 
but at least the dimension of the Higgs branch is easy to determine: we already computed 
the dimension for the theory *S'su(iv)(Cg,n) where all punctures are full. Then we perform 
the partial closures. We find: 


Fact 5.12 The 4d theory g^n) {Yii ■ ■ ■ jYn}, obtained by putting the 6d theory on a 

genus g surface with n punctures, labeled byYi,...,Yn, has a Higgs branch of dimension 

diniH Higgs(S'su(jv)(Cg,n){^i, • • •, Y^}) = (r - 1) + ^ - r - dime OyJ. (5.18) 


For N = 2, n = 0 and g arbitrary, we see that the dimension is just 1. The precise form of 
the Higgs branch was determined in [ 66 ] to be the asymptotically locally Euclidean space 
of type Dg+i. 

In order to study the Coulomb branch, it is useful to revisit Fact 5.7 from a slightly 
different point of view. There, we obtained the dimension of the Coulomb branch of the 
Tjv theory by first counting the dimension of the Coulomb branch of the theory for genus 
g surface without any puncture, and then decomposing them into the contributions from 
the T^r theory and from the tubes. Combining them again, we find that the number of the 
Coulomb branch operators of scaling dimension d of a theory for genus g surface with n 
full punctures is 

(2d-l)(c/-1)+n(d-1). (5.19) 


The contribution proportional to (s' — 1) counts the dimension of the space of holomorphic 
d-differential on a genus g surface, describing the degrees of freedom in tr The 

contribution proportional to n can be accounted for by allowing tr to have a pole 

at each full puncture, of order d — 1. This can be achieved if itself has a pole of the 
form 




edz 

-h regular 


(5.20) 


where zq is the coordinate of a puncture, and e is a generic nilpotent element. Indeed, 
considering tr $( 7 ( 2 ;)'^, we see that the term proportional to {z — zo)~‘^ drops out because 
e is nilpotent, while the lower order terms are generically nonzero. 

Note that the full puncture has the type [1^], whereas this nilpotent element e has the 
type [N], which is the transpose of [ 1 ^]. In the other extreme, if a puncture at z = Zq has 
the type [N], it is equivalent to having no puncture at all, therefore the local form of the 
field ^c{z) is 




Odz 

-h regular, 

Z- Zq 


(5.21) 
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to make no changes to the system. Now the residue 0 is a nilpotent element of type [1^], 
and is given by the transpose of [N]. 

In general, when the puncture at z = zq has the type Y, it is known that the field 
has the form 

, , evtdz 

^c{z) = -h regular, (5.22) 

z- Zo 

where the residue eyt is a nilpotent element e G Oyt of type Y^. This can be argued 
in many ways, but one goes as follows. Consider partially closing a full puncture to the 
type Y = [ni, 712,^3, • • • by setting (/i+) = Jy. This is compatible with the mass 
deformation associated to the original SU(iV) symmetry of the full puncture given by 


my = diag( mi,. , my m 2 , ■ ^ ■ ■ ■, mk ,. , ruk) . (5.23) 

ni n2 nfe 


Under this deformation, <hc(^) should have a residue at the puncture of the form 


Mydz 

^c{z) = -h regular, 

z - Zo 


(5.24) 


where My is a matrix whose eigenvalues agree with my. This is due to the following: the 
Seiberg-Witten curve is still given by (5.7), and the mass terms are given by the residues 
of A. At z = Zo, the residues of A are clearly given by the eigenvalues of My, and this 
should be identified with my. 

Up to the action of SU(A7)c, we can always write My ~ my + e. Here A B 
means two matrices are conjugate, and e is a nilpotent matrix within the Lie algebra of 
Gy, the subgroup of SU(A^) left unbroken by the mass deformation my. This is just 
the standard Jordan decomposition of a matrix into the sum of a diagonal matrix plus an 
upper-triangular matrix. 

Within Gy, the vev {jjA) = Jy is the maximal possible one, i.e. we are completely 
closing the puncture within Gy. Therefore, the residue of ^c{z) at z = zq, when restricted 
to Gy, should be zero, following the discussion around (5.21). So we have e = 0 and 
My ~ my. Now we turn off the eigenvalues m* of my to zero. Under this process. My 
does not necessarily tend to zero, but rather tend to a nilpotent matrix conjugate to Jyt, as 
explained in detail e.g. in [67]. As an example, take Y = [1^]. Then My ~ diag(m, —m). 
So take a one-parameter family of such My given by 


My = 


m 1 
0 —m 


(5.25) 


and take m —)■ 0. We find 

My ^ (0 J) = M - (5-26) 

Summarizing, 
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Fact 5.13 The Seiberg-Witten curve of the 4d theory Ss\](n){C g,n) {Yi-, • • •, Yn], for the 
genus g surface with n punctures of type Yi,..., is given by 

det(A — $c;(^)) = 0 (5.27) 

where is meromorphic differential on Cg^n, in adjoint o/SU(iV)c, such that it 

has a pole at the i-th puncture at z = Zi of the form 

p d 7 

^c{z) = — - -h regular (5.28) 

z - Zj 

where Cyt is a nilpotent element of type Yf i.e. e* G Oyt. 


Given this, it is easy to count the dimension of the Coulomb branch. We can check 
that tr dXz = Zi has a pole of order p'^{Yi), where 


p\Y) = d-u,iY), 


( 5 . 29 ) 


with the sequence Ud defined by 





Si S2 


( 5 . 30 ) 


where Y* = [si, S 2 ,...]. Then 


Fact 5.14 The number of Coulomb branch operators of dimension d of the theory 
*S'su(Af)(Cg,n){ki,..., Y„}/or genus g and n punctures of type Yi, ..., Y„ is 

{:id-l){g-l) + Y,v\Yi). ( 5 . 31 ) 


For example, take the theory Tjiivj [liv] We have 

p([l^]) = (1, 2, 3,..., iV - 1), p([iV - 1,1]) = (1,1,1,..., 1) (5.32) 

and therefore the number of Coulomb branch operators of this theory of scaling dimension 
d is zero for all d = 2,..., A^. This is as it should be, since this theory is a theory of free 
bifundamental hypermultiplets. Still, this analysis emphasizes an issue that was not clearly 
understood until several years ago, that a free hypermultiplets can still have a meaningful 
Seiberg-Witten curve (5.27), that can be used in the analysis of the BPS geodesics, etc. 
Lastly let us note that these numbers p^ satisfy two relations: 

Y,p\Y) = dimcOy*/2, 5^(2d - 1)/(Y) = n,(Y) (5.33) 

d d 
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where n^iY) was introdueed in (3.25). The first means that the eontribution from a pune- 
ture to the total dimension of the Coulomb braneh is half the loeal degrees of freedom from 
the residue. This is reasonable, since the residue at a puncture contributes to the Coulomb 
branch dimension of the 3d theory, and the 4d Coulomb branch has half the dimension of 
that. The second equation means that the local contribution to and the local contribution 
to the number of the Coulomb branch operators satisfy the sum rule Fact 5.3. 

6 Conclusions 

In this article, we recalled the construction of the theory and its partially-closed cousins, 
studied their flavor and conformal central charges, determined their superconformal in¬ 
dices in the Schur limit, and described the Coulomb and the Higgs branches of these 
theories. 

There are many topics on the T^r theory the author could not cover in this review. Let 
us at least list those properties where some works have been done: 

• There are works on the line operators, the surface operators, and the boundary con¬ 
ditions of the T^r theory, see e.g. [68-72]. See also the review [73]. 

• There is also a 5d version [74, 75] and a 3d version of the theory [64] and 
a closely related 3d theory called T[SU(A^)] theory that captures the physics at a 
single puncture [31]. 

• The Nekrasov partition function of the 5d T^r theory can be computed by the topo¬ 
logical string theory technique, and the way to take the 4d limit is now being ana¬ 
lyzed in earnest [76, 77]. 

• The Ttv theory itself is N‘=2 supersymmetric, but we can couple it to A/'=l gauge 
and matter multiplets and add superpotential terms, and study the strongly-coupled 
dynamics there. The combined system can be studied from the 6d point of view, by 
considering the R-symmetry background on the Riemann surface that only preserves 
M=l supersymmetry in 4d [10, 11, 48, 78-88]. 

• The holographic dual of the Tjq theory was already found in the original paper [5] 
whereas the holographic dual for the theory was found in [89]. The probes of 
the holographic duals for Ar=l theories were studied e.g. in [90, 91]. 

Finally, we should remember that the T^r theory has various non-supersymmetric cor¬ 
relation functions, whereas so far we only mentioned quantities that are protected either by 
topology (such as the anomaly) or by supersymmetry (such as the superconformal index or 
the Nekrasov partition function). Hopefully, one day, using a generalization of the super¬ 
conformal bootstrap of [92], we might be able to compute the complete set of correlation 
functions of the theory. But we are still far from that goal. The author hopes that we 
make steady progress in the next couple of years. 


- 41 - 


Acknowledgements 

It is a pleasure for the author to thank D. Gaiotto, G. Moore and A. Neitzke; F. Benini, 
B. Weeht and D. Xie; O. Chaealtana and J. Distler; N. Mekareeya, J. Song; H. Hayashi, 
A. Gadde, K. Maruyoshi, W. Yan, and K. Yonekura for fruitful eollaborations on the topie 
eovered in this review. The author would like to thank in particular K. Maruyoshi and K. 
Yonekura for carefully reading a draft version of this manuscript. The work of the author 
is supported in part by ISPS Grant-in-Aid for Scientific Research No. 25870159, and in 
part by WPI Initiative, MEXT, Japan at IPMU, the University of Tokyo. 

References 

[1] J. A. Minahan and D. Nemeschansky, “An Af = 2 Superconformal Fixed Point with Eq 
Global Symmetry,” AmcZ. Phys. B482 (1996) 142-152, arXiv:hep-th/9608047. 

[2] J. A. Minahan and D. Nemeschansky, “Superconformal Fixed Points with En Global 
Symmetry,” AncZ. Phys. B489 (1997)24^6, arXiv:hep-th/9 61007 6. 

[3] P. C. Argyres and N. Seiberg, “S-Duality in Af = 2 Supersymmetric Gauge Theories,” JHEP 
12 (2007) 088, arXiv: 0711.0054 [hep-th] . 

[4] D. Gaiotto, “Af= 2 Dualities,” JHEP 1208 (2012) 034, arXiv: 0904.2715 [hep-th] . 

[5] D. Gaiotto and J. Maldacena, “The Gravity Duals of Af = 2 Superconformal Field Theories,” 

1210 (2012) 189, arXiv: 0 904.4 4 66 [hep-th]. 

[6] G. Bonelli and A. Tanzini, “Hitchin Systems, Af= 2 Gauge Theories and W-Gravity,” 

Phys.Lett. B691 (2010) 111-115, arXiv: 0909.4031 [hep-th] . 

[7] L. F. Alday, F. Benini, and Y. Tachikawa, “Liouville/Toda Central Charges from 
M5-Branes,” Phys.Rev.Lett. 105(2010) 141601, arXiv: 0909.4776 [hep-th]. 

[8] O. Chaealtana, J. Distler, and Y. Tachikawa, “Nilpotent Orbits and Codimension-Two 
Defects of 6D N=(2,0) Theories,” Int.J.Mod.Phys. A28 (2013) 1340006, 

arXiv:1203.2930 [hep-th]. 

[9] F. Benini, Y. Tachikawa, and B. Weeht, “Sicilian Gauge Theories and Af = 1 Dualities,” 
JHEP 01 (2010)088, arXiv: 0909.1327 [hep-th] . 

[10] A. Gadde, K. Maruyoshi, Y. Tachikawa, and W. Yan, “New J\f = 1 Dualities,” JHEP 1306 
(2013)056, arXiv: 1303.0836 [hep-th]. 

[11] K. Maruyoshi, Y. Tachikawa, W. Yan, and K. Yonekura, “Af = 1 Dynamics with Tat 
T heory,” JHEP 1310 (2013) 010, arXiv: 130 5.52 5 0 [hep-th] . 

[12] H. Hayashi, Y. Tachikawa, and K. Yonekura, “Mass-Deformed Tjv as a Linear Quiver,” 
arXiv:1410.6868 [hep-th]. 

[13] A. Gadde, E. Pomoni, L. Rastelli, and S. S. Razamat, “S-Duality and 2D Topological QFT,” 
///FP 03 (2010)032, arXiv: 0 910.222 5 [hep-th]. 

[14] A. Gadde, L. Rastelli, S. S. Razamat, and W. Yan, “The 4D Superconformal Index from 
Q-Deformed 2D Yang- Mills,” Phys. Rev. Lett. 106 (2011) 241602, arXiv :1104.3850 
[hep-th] . 


- 42 - 


[15] A. Gadde, L. Rastelli, S. S. Razamat, and W. Yan, “Gauge Theories and Macdonald 
Polynomials,” Commun.Math.Phys. 319 (2013) 147-193, arXiv: 1110.3740 
[hep-th] . 

[16] D. Gaiotto, L. Rastelli, and S. S. Razamat, “Bootstrapping the Superconformal Index with 
Surface Defects,” arXiv: 1207.3577 [hep-th] . 

[17] K. Maruyoshi, Y. Tachikawa, W. Yan, and K. Yonekura, “Dynamical Supersymmetry 
Breaking in Theories without Lagrangians,” Phys.Rev. D88 no. 8, (2013) 085037, 

arXiv:1308.0064 [hep-th]. 

[18] O. Chacaltana and J. Distler, “Tinkertoys for Gaiotto Duality,” JHEP 1011 (2010) 099, 

arXiv:1008.5203 [hep-th]. 

[19] O. Chacaltana and J. Distler, “Tinkertoys for the Df^ Series,” arXiv :1106.5410 
[hep-th] . 

[20] O. Chacaltana, J. Distler, and Y. Tachikawa, “Gaiotto Duality for the Twisted A 2 N -1 
Series,” arXiv: 1212.3952 [hep-th] . 

[21] O. Chacaltana, J. Distler, and A. Trimm, “Tinkertoys for the Twisted D-Series,” 

arXiv:1309.2299 [hep-th]. 

[22] O. Chacaltana, J. Distler, and A. Trimm, “Tinkertoys for the Eq Theory,” 

arXiv:1403.4604 [hep-th]. 

[23] O. Chacaltana, J. Distler, and A. Trimm, “A Family of 479 M = 2 Interacting SCFTs from 
the Twisted A 2 N Series,” arXiv: 1412.8129 [hep-th] . 

[24] O. Chacaltana, J. Distler, and A. Trimm, “Tinkertoys for the Twisted Eq Theory,” 

arXiv:1501.00357 [hep-th]. 

[25] Y. Tachikawa, “A7 = 2 Supersymmetric Dynamics for Pedestrians,” Lect.Notes Phys. 890 
(2013)2014, arXiv: 1312.2684 [hep-th]. 

[26] D. Gaiotto, “Families of A7= 2 Field Theories,” arXiv :1412.7118 [hep-th] . 

[27] A. Neitzke, “Hitchin Systems in A7= 2 Field Theory,” arXiv: 1412 . 7120 [hep-th] . 

[28] L. Rastelli and S. S. Razamat, “The Superconformal Index of Theories of Class 5,” 
arXiv:1412.7131 [hep-th]. 

[29] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, “An Index for 4 Dimensional Super 
Conformal Theories,” Commun. Math. Phys. 275 (2007) 209-254, 

arXiv:hep-th/0510251. 

[30] D. Green, Z. Komargodski, N. Seiberg, Y. Tachikawa, and B. Wecht, “Exactly Marginal 
Deformations and Global Symmetries,” JHEP 1006 (2010) 106, arXiv :1005.3546 
[hep-th] . 

[31] D. Gaiotto and E. Witten, “S-Duality of Boundary Conditions in A7= 4 Super Yang-Mills 
Theory,” Adv.Theor.Math.Phys. 13 (2009) 721, arXiv: 0807.3720 [hep-th] . 

[32] D. Gaiotto and E. Witten, “Supersymmetric Boundary Conditions in A7= 4 Super 
Yang-Mills Theory,” arXiv: 0804.2902 [hep-th] . 

[33] P. C. Argyres and A. Buchel, “New S-Dualities in J\f= 2 Supersymmetric 5(7(2) x 57/(2) 
Gauge Theory,” JHEP 11 (1999) 014, arXiv:hep-th/9910125. 

[34] D. Gaiotto, G. W. Moore, and Y. Tachikawa, “On 6D N=(2,0) Theory Compactified on a 
Riemann Surface with Einite Area,” Prog. Theor. Exp. Phys. 2013 (2013) 013B03, 


- 43 - 


arXiv:1110.2657 [hep-th]. 

[35] D. Gaiotto, G. W. Moore, and A. Neitzke, “Wall-Crossing, Hitchin Systems, and the WKB 
Approximation,” arXiv: 0907.3987 [hep-th] . 

[36] D. Gaiotto, “Asymptotically Free AA= 2 Theories and Irregular Conformal Blocks,” 

arXiv:0908.0307 [hep-th]. 

[37] G. Bonelli, K. Maruyoshi, and A. Tanzini, “Wild Quiver Gauge Theories,” JHEP 1202 
(2012) 031, arXiv: 1112.1691 [hep-th] . 

[38] D. Xie, “General Argyres-Douglas Theory,” arXiv :1204.2270 [hep-th] . 

[39] S. M. Kuzenko and S. Theisen, “Correlation Functions of Conserved Currents in AA= 2 
Superconformal Theory,” Class. Quant. Gray. 17 (2000) 665-696, 

arXiv:hep-th/9907107. 

[40] J. A. Harvey, R. Minasian, and G. W. Moore, “Non-Abelian Tensor-Multiplet Anomalies,” 
JHEP 09 (1998) 004, arXiv : hep-th/9808060. 

[41] K. A. Intriligator, “Anomaly Matching and a Hopf-Wess-Zumino Term in 6D, N = (2,0) 
Field Theories,” AmcZ. Phys. B581 (2000) 257-273, arXiv: hep-th/0001205. 

[42] R Yi, “Anomaly of (2,0) Theories,” Phys. Rev. D64 (2001) 106006, 
arXiv:hep-th/0106165. 

[43] K. Ohmori, H. Shimizu, Y. Tachikawa, and K. Yonekura, “Anomaly Polynomial of General 
6D SCFTs,” PrFP 2014 no. 10,(2014) 103B07, arXiv: 1408.5572 [hep-th]. 

[44] K. Intriligator, “6D, Af = (1,0) Coulomb Branch Anomaly Matching,” 

arXiv:1408.6745 [hep-th]. 

[45] D. M. Hofman and J. Maldacena, “Conformal Collider Physics: Energy and Charge 
Correlations,” JHEP 05 (2008) 012, arXiv :0803.1467 [hep-th] . 

[46] A. D. Shapere and Y. Tachikawa, “Central Charges of A/’= 2 Superconformal Field Theories 
in Four Dimensions,” JHEP 09 (2008) 109, arXiv: 0804.1957 [hep-th] . 

[47] Y. Fukuda, T. Kawano, and N. Matsumiya, “5d SYM and 2d g-deformed YM,” 
arXiv:1210.2855 [hep-th]. 

[48] C. Beem and A. Gadde, “The Superconformal Index of AA= 1 Class S Fixed Points,” 

arXiv:1212.1467 [hep-th]. 

[49] A. Y. Alekseev, H. Grosse, and V. Schomerus, “Combinatorial Quantization of the 
Hamiltonian Chern-Simons Theory,” Commun.Math.Phys. 172 (1995) 317-358, 

arXiv:hep-th/9403066. 

[50] E. Buffenoir and P Roche, “Two-Dimensional Eattice Gauge Theory Based on a Quantum 
Group,” Commun.Math.Phys. 170(1995) 669-698, arXiv:hep-th/9405126. 

[51] A. Y. Alekseev, H. Grosse, and V. Schomerus, “Combinatorial Quantization of the 
Hamiltonian Chem-Simons Theory. 2.,” Commun.Math.Phys. 174 (1995) 561-604, 

arXiv:hep-th/9408097. 

[52] M. Aganagic, H. Ooguri, N. Saulina, and C. Vafa, “Black Holes, g-Deformed 2D 
Yang-Mills, and Non-Perturbative Topological Strings,” Nucl.Phys. B715 (2005) 304-348, 

arXiv:hep-th/0411280. 

[53] S. S. Razamat, “On the AA= 2 Superconformal Index and Eigenfunctions of the Elliptic Rs 
Model,” arXiv: 1309.0278 [hep-th] . 


- 44 - 


[54] C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli, et al, “Infinite Chiral Symmetry in 
Four Dimensions,” arXiv: 1312.5344 [hep-th] . 

[55] M. Lemos and W. Peelaers, “Chiral Algebras for Trinion Theories,” JHEP 1502 (2015) 113, 

arXiv:1411.3252 [hep-th]. 

[56] N. Mekareeya, J. Song, and Y. Tachikawa, “2D TQFT Strueture of the Supereonformal 
Indices with Outer-Automorphism Twists,” arXiv: 1212.0545 [hep-th] . 

[57] M. Lemos, W. Peelaers, and L. Rastelli, “The Supereonformal Index of Class S Theories of 
Type Dr JHEP 1405 (2014) 120, arXiv: 1212.12 71 [hep-th] . 

[58] D. Gaiotto and S. S. Razamat, “Exceptional Indices,” JHEP 1205 (2012) 145, 
arXiv:1203.5517 [hep-th]. 

[59] C. A. Keller and J. Song, “Counting Exceptional Instantons,” JHEP 1207 (2012) 085, 

arXiv:1205.4722 [hep-th]. 

[60] A. Hanany, N. Mekareeya, and S. S. Razamat, “Hilbert Series for Moduli Spaces of Two 
Instantons,” JHEP 1301 (2013) 070, arXiv :1205.4741 [hep-th] . 

[61] N. J. Hitchin, A. Karlhede, U. Eindstrom, and M. Rocek, “hyperkahler Metrics and 
Supersymmetry,” Comrnun. Math. Phys. 108 (1987) 535. 

[62] G. W. Moore and Y. Tachikawa, “On 2D TQETs Whose Values are Holomorphic Symplectic 
Varieties,” arXiv: 1106.5698 [hep-th] . 

[63] K. Yonekura, “Supersymmetric Gauge Theory, (2,0) Theory and Twisted 5D 
Super-Yang-Mills,” JHEP 1401 (2014) 142, arXiv: 1310.7943 [hep-th] . 

[64] E. Benini, Y. Tachikawa, and D. Xie, “Mirrors of 3D Sicilian Theories,” JHEP 09 (2010) 

063, arXiv: 1007.0992 [hep-th]. 

[65] D. Gaiotto, A. Neitzke, and Y. Tachikawa, “Argyres-Seiberg Duality and the Higgs Branch,” 
Comrnun. Math. Phys. 294 (2010) 389^10, arXiv: 0810.4541 [hep-th] . 

[66] A. Hanany and N. Mekareeya, “Tri-Vertices and SU (2) ’s,” JHEP 02 (2011) 069, 

arXiv:1012.2119 [hep-th]. 

[67] S. Gukov and E. Witten, “Rigid Surface Operators,” arXiv :0804.1561 [ hep-th ] . 

[68] Y. Ito, T. Okuda, and M. Taki, “Eine Operators on x and Quantization of the Hitchin 
Moduli Space,” JHEP 1204 (2012) 010, arXiv :1111.4221 [hep-th] . 

[69] D. Gang, E. Koh, and K. Eee, “Eine Operator Index on x S^,” JHEP 1205 (2012) 007, 

arXiv:1201.5539 [hep-th]. 

[70] D. Xie, “Higher Eaminations, Webs and A/’= 2 Eine Operators,” arXiv: 1304.2390 
[hep-th] . 

[71] D. Xie, “Aspects of Eine Operators of Class S Theories,” arXiv :1312.3371 
[hep-th] . 

[72] M. Bullimore, “Defect Networks and Supersymmetric Eoop Operators,” JHEP 1502 (2015) 
066, arXiv: 1312.5001 [hep-th]. 

[73] T. Okuda, “Eine Operators in Supersymmetric Gauge Theories and the 2D-4D Relation,” 

arXiv:1412.7126 [hep-th]. 

[74] E. Benini, S. Benvenuti, and Y. Tachikawa, “Webs of Eive-Branes and AA= 2 
Supereonformal Eield Theories,” JHEP 09 (2009) 052, arXiv :0906.0359 [hep-th] . 

[75] E. Bao, V. Mitev, E. Pomoni, M. Taki, and E. Yagi, “Non-Eagrangian Theories from Brane 


- 45 - 


Junctions,” JHEP 1401 (2014) 175, arXiv :1310.3841 [hep-th] . 

[76] V. Mitev and E. Pomoni, “Toda 3-Point Functions from Topological Strings,” 

arXiv:1409.6313 [hep-th]. 

[77] M. Isachenkov, V. Mitev, and E. Pomoni, “Toda 3-Point Functions from Topological Strings 
11,” arXiv: 1412.3395 [hep-th], 

[78] 1. Bah and B. Wecht, “New AA= 1 Superconformal Field Theories in Four Dimensions,” 

arXiv:1111.3402 [hep-th]. 

[79] 1. Bah, C. Beem, N. Bobev, and B. Wecht, “Four-Dimensional SCFTs from M5-Branes,” 
JHEP 1206 (2012) 005, arXiv: 1203.0303 [hep-th] . 

[80] D. Xie, “M5 Brane and Four Dimensional A/" = 1 Theories 1,” JHEP 1404 (2014) 154, 

arXiv:1307.5877 [hep-th]. 

[81] 1. Bah and N. Bobev, “Finear Quivers and AA = 1 SCFTs from M5-Branes,” JHEP 1408 
(2014) 121, arXiv: 1307.7104. 

[82] G. Bonelli, S. Giacomelli, K. Maruyoshi, and A. Tanzini, “A/’= 1 Geometries via M-theory,” 
JHEP 1310 (2013) 227, arXiv:1307.7703. 

[83] D. Xie and K. Yonekura, “Generalized Hitchin System, Spectral Curve and J\f = \ 
Dynamics,” JHEP 1401 (2014) 001, arXiv: 1310.04 67 [hep-th] . 

[84] P. Agarwal and J. Song, “New 7\A= 1 Dualities from M5-Branes and Outer-Automorphism 
Twists,” 7//FP 1403 (2014) 133, arXiv: 1311.2945 [hep-th]. 

[85] P. Agarwal, 1. Bah, K. Maruyoshi, and J. Song, “Quiver Tails and TV" = 1 SCFTs from 
M5-Branes,” arXiv: 1409.1908 [hep-th] . 

[86] S. Giacomelli, “Four Dimensional Superconformal Theories from M5 Branes,” JHEP 1501 
(2015)044, arXiv: 1409.3077 [hep-th]. 

[87] J. McGrane and B. Wecht, “Theories of Class S and New 7\/’= 1 SCFTs,” 
arXiv:1409.7668 [hep-th]. 

[88] D. Xie, “7Y= 1 Curve,” arXiv: 1409.8306 [hep-th], 

[89] T. Nishinaka, “The Gravity Duals of SO/USp Superconformal Quivers,” JHEP 1207 (2012) 
080, arXiv: 1202.6613 [hep-th], 

[90] 1. Bah, M. Gabella, and N. Halmagyi, “Punctures from Probe M5-Branes and J\f =\ 
Superconformal Field Theories,” JHEP 1407 (2014) 131, arXiv :1312.6687 
[hep-th] . 

[91] 1. Bah, “AdS5 Solutions from M5-Branes on Riemann Surface and D6-Branes Sources,” 

arXiv:1501.06072 [hep-th], 

[92] C. Beem, M. Femos, P. Fiendo, F. Rastelli, and B. C. van Rees, “The TV = 2 
Superconformal Bootstrap,” arXiv: 1412.7541 [hep-th] . 


- 46 - 


